Machine Learning for

Fluid Dynamics

von Karman Institute Lecture Series

Edited by

M. A. Mendez and A. Parente

Sint-Genesius-Rode, Belgium

=l

_g \ von KARMAN INSTITUTE
§‘7/— FOR FLUID DYNAMICS



©2024 by the von Karman Institute for Fluid Dynamics, publisher
Waterloosesteenweg 72, B-1640 Sint-Genesius-Rode
To order: https://www.vki.ac.be

von Karman Institute Lecture Series ISSN 0377-8312
International Standard Book Number-13: 978-2-87516-209-0 (Hardback)

D/2024/0238/778, M. A. Mendez & A. Parente, Editors-in-Chief

This book contains information from authentic and highly regarded sources. Rea-
sonable efforts have been made to publish reliable data and information, but the authors
and publisher cannot assume responsibility for the validity of all materials or the conse-
quence of their use. The authors and publisher have attempted to trace the copyright
holders of all material reproduced in this publication.

No warranty may be created or extended by sales representatives, written sales
materials or promotional statements for this work. The fact that an organization, website,
or product referred to in this work as a citation and/or potential source for further
information does not mean that the publisher and authors endorse the information
or services the organization, website, or product may provide or recommendations
it may make. This work is sold with the understanding that the publisher is not
engaged in rendering professional services. The advice and strategies contained herein
may not be suitable for your situation. You should consult with a specialist where
appropriate. Further, readers should be aware that the websites listed in this work
may have changed or disappeared between when this work was written and when it is
read. Neither the publisher nor authors shall be liable for any loss of profit or any other
commercial damages, including but not limited to special, incidental, consequential, or
other damages.

The contents of this book are the property of the von Karman Institute for Fluid
Dynamics. No part of this book may be reproduced, transmitted or distributed in any
form or by any means, or stored in a database or retrieval system, without the prior
written permission from the publisher.



Contents

Machine Learning for Scientific Discovery

1.1 Imtroduction . . . . . . . .. .. .o

1.2 Physics Informed Machine Learning for Fluid Mechanics . . . . .
1.2.1 Theproblem . . ... .. ... ... ............
1.2.2 Thedata . ... ... ... . ... ...
1.2.3 The architecture . . . .. ... ... ... L.
1.2.4 Theloss function . . . . .. .. .. ..o L.
1.2.5  The optimization algorithm . . . . .. .. ... ... ...

1.3 Sparse identification of nonlinear dynamics (SINDy) . . .. ...

1.4 Parting Thoughts . . . . . . .. ... . . . .

Fundamentals of Regression

2.1 A note on notation and style . . . ... .. ... ... .. ...

2.2 General Concepts . . . . . . . .. Lo
2.2.1 A probabilistic perspective: The MLE . . . . ... .. ..
2.2.2 Bootstrapping and cross-validation . . . ... .. .. ..
2.2.3 More Cost Functions . . . . . ... ... ... ... ... .
2.2.4  Methods for parametric regression . . . .. ... ... ..
2.2.5 Methods for non-parametric regression . . . . . .. .. ..

2.3 Data driven... Scientific computing . . . . . ... ... ...

2.4 Summary and Conclusions . . . . . . .. ... ... ...

Learning with Learning with Physical Constraints

3.1 Problem 1: "Fill the Gaps" and super-resolution . . ... .. ..
3.1.1 General Context . . . ... ... ... ... ........
3.1.2 Proposed Exercise . . . ... ... ... ... ...
3.1.3 Methodology and Results . . . ... .. ... ... ....

3.2 Problem 2: Turbulence Modeling. What is the Reynolds Stress?
3.2.1 General Context . . ... ... ... ... .. .. .. ...
3.2.2 Proposed Exercise . . ... ... ... L.
3.2.3 Methodology and Results . . . ... ... ... ......

3.3 Problem 3: Forecasting and Control . . .. ... .........
3.3.1 General Context . . .. ... ... ... ... .......
3.3.2 The adjoint-based Idendification Problem . . . .. .. ..
3.3.3 Proposedexercise. . . . .. . ... ... ...



CONTENTS

3.4 Conclusions and outlook . . . . . . . ... ... ... ....... 86
4 Data-driven Turbulence Modeling 89
4.1 Introduction . . . . . . . . . . . . . ... 89
4.2 RANS models: derivation and uncertainties . . . . ... .. ... 94
4.3 Stateofthe Art . . . . . . . . .. .. 98
4.4 Parametric approaches . . . . . . . ... L 101

4.4.1 Data-driven update of turbulence model closure coefficients101
4.4.2 Accounting for uncertain model structure:

Bayesian model selection and averaging . . . ... .. .. 107
4.5 Non-parametric Approaches . . . . . .. ... ... ... ..... 111
4.5.1 Representation of the data-driven corrections . . . . . . . 116

4.5.2  Field inversion and Machine Learning (FIML) approach . 120
4.5.3 Physics-informed correction of Reynolds stress discrepancies122
4.5.4 Data-driven RANS modeling through Symbolic Regression 125

4.5.5 GEP regression of data-driven RANS closures . . . . . . . 131
4.5.6 SpaRTA: Sparse regression of Reynolds sTress Anisotropy 132
4.6 Sampleresults . . . ... oL 136
4.7 Conclusions and research trends . . . . . . .. ... ... ..... 141

5 Prediction of Chaotic Dynamics from Data: An introduction 149

5.1 Chaotic dynamical systems . . . ... ... ... ... ..., 149
5.1.1 Dynamical systems’ equations . . . . . . .. ... ... .. 150
5.1.2 Linear analysis . . . . . . . ... ... ... ... ..., 151
5.1.3 Largest (dominant) Lyapunov exponent . . . . ... ... 152
5.1.4 Lyapunov spectrum . . . . ... ... ... ... ... .. 156
5.1.5  Metrics and indicators of chaos . . . . . .. ... ... .. 160

5.2 Machine learning for dynamical systems . . . . .. .. ... ... 163

5.3 Recurrent Neural Networks . . . . . ... ... ... ... .... 164

5.4 Echo state networks . . . . .. ... L L Lo 164
5.4.1 The dynamical systems’ interpretation of ESNs . . . . . . 164
5.4.2 Architecture . . . . . . ... ... 166
5.4.3 Training . . . . . . . . .. Lo o 168
5.4.4 ESN variants . . . .. . .. . .. ... ... .. ... ... 172
54.5 Closed-loop . . . ... .. ... .. .. 174
5.4.6 Validation . . . .. .. ... L o L 174
5.4.7 Jacobian of the ESN . . . . ... ... ... ........ 179



CONTENTS

5.5 Long short-term memory network . . . . . . .. .. .. ... ...
5.5.1 Architecture . . . . . . ...
5.5.2 Closed-loop . . . . .. .. .
5.5.3 Physics-informed architecture (PI-LSTM) . . . . ... ..
5.5.4 Data Preparation . . . . .. ... ... .. L.
5.5.5 Jacobian of the LSTM . . . . . ... ... ... .. ....

5.6 Tutorial: Lorenz system . . . .. ... ... ... .. .. ...,

Reinforcement Learning for Fluid Mechanics

6.1 Flow control and reinforcement learning . . . . . ... ... ...
6.1.1 Standard approaches in flow control: a brief overview
6.1.2 Reinforcement learning in flow control . . . . . . . .. ..
6.1.3 Organization of the chapter . . . .. .. ... ... ....

6.2 From nonlinear control to reinforcement learning . . . . . . . ..
6.2.1 Nomenclature and state space representation . . . .. ..
6.2.2 Optimal control in linear system: the Riccati equation .
6.2.3 The Hamilton-Jacobi-Bellman equation . .. ... .. ..
6.2.4 Discrete systems . . . . ... ... Lo
6.2.5 Bellman’s principle of optimality . . . .. ... ... ...
6.2.6 Approximating the Bellman equation: iterative methods
6.2.7 Reinforcement learning (RL) . . . . ... ... ... ...

6.3 Elements of reinforcement learning in practice . . . . . . . . . ..
6.3.1 A short glossary . . ... ... ... ... ... ...
6.3.2 Identifying the policy . . . ... ... ... ... .....
6.3.3 Numerical approximations . . . . . .. ... ... ... ..

6.4 Essential bibliography and final remarks . . . . .. .. .. .. ..

Model Predictive Control
7.1 What is Model Predictive Control? . . . . . ... ... ... ...
7.1.1 The rational behind MPC . . . . ... ... ... .....
7.1.2 Main advantages and limitations . . . . . ... ... ...
7.1.3 Towards application to chaotic high-dimensional systems
and fluid flows . . . ... ... ... ... ... ...
7.2 A glimpse of MPC of linear systems . . . . ... ... ......
7.2.1 Problem formulation . . .. .. ... ... .........
7.2.2  Solution via batch approach . . . . . . ... ... ... ..
7.3 Nonlinear MPC . . . . . . . ... .. ... ... ...

195
195

. 198

200
202
202
202

. 205

207
211
212

. 215

220
221
222
223
226
227

231
231



CONTENTS

7.3.1 Problem formulation . . . .. ... ... ... ... .. 241
7.3.2 A note on feasibility and stability of MPC . . . . . .. .. 241
7.3.3 Hyperparameter tuning . . ... ... ... ... ... .. 242

7.4 Application of self-tuning MPC to wake control . . . . . . .. .. 243
7.4.1 The fluidic pinball . . . . .. ... ... 00 244
7.4.2 The MPC framework . . . . . . ... .. ... ....... 245
7.4.3 Optimization of hyperparameters and plant model . . . . 246
7.4.4 Main results and discussion . . . .. ... ... ... ... 247

7.5 Conclusion and outlook . . . . ... ... ... ... ... 249
8 Fundamentals of Dimensionality Reduction 253
8.1 A note on notation and style . . .. ... ... ... .. ..... 253
8.2  General Concepts: Autoencoders and Manifold Learning . . . . . 254
8.3 Linear autoencoding and manifold learning: PCA . . . . . . . .. 256
8.4 Data Driven Modal Analysis. . . . .. .. ... ... ... .... 259
8.4.1 From Autoencoders to Modal Analysis . . . . . . ... .. 260
8.4.2 The Dynamic Mode Decomposition . . . . . . ... .. .. 264
8.4.3 The Spectral POD by Sieber et al. (2016) . . . ... ... 266
8.4.4 The Spectral POD by Towne et al. (2018) . . . . . .. .. 267
8.4.5 The Multiscale POD . . . . .. ... ... ... ...... 268

8.5 Nonlinear Methods . . . . . . . . ... ... ... ... ... 271
8.5.1 ANNs Autoencoders . . . ... ... .. ... .. ..... 271

8.5.2 Kernel PCA and Kernel POD . . . . . .. .. ... .. .. 272
8.5.3 Isometric Mapping (ISOMAPs) . . . ... ... ... ... 275
8.5.4 Locally Linear Embedding (LLE) . . . . . ... ... ... 278
8.5.5 t-Distributed Stochastic Neighbor Embedding (t-SNE) . . 279

8.6 Problem 1: Modal Analysis of an impinging jet . . . . . ... .. 281
8.7 Problem 2: Manifold Learning of a cylinder wake . . . . . .. .. 289
8.8 Summary and Conclusions . . . . . . . ... ... L. 293
9 Data-driven post-processing and reduced order modeling 295
9.1 Introduction . . . . . . . .. . ... 295
9.2 Methodology . . . . . . . . . ... 298
9.2.1 Modal decomposition. . . . . .. ... ... ... ... .. 300
9.2.2 Hybrid physics-aware deep learning models . . . . . . .. 311

9.3 Applications . . . . . ... 321
9.3.1 Pattern identification . . . . . . .. ... 321



CONTENTS

9.3.2 Data reconstruction . . .. ... ... oL 327
9.3.3 Data forecasting . . . . ... ... oL 329
9.4 Conclusions . . . . . . . . . . e 333
10 Data-Driven Modeling for Enhanced Aerodynamic 335
10.1 Motivation . . . . . . . . . . 336
10.2 Machine Learning for Efficient Design . . . . . . .. .. ... .. 336
10.2.1 Surrogate-based Optimization . . . . . . . ... ... ... 337
10.2.2 An Airfoil Use Case . . . . . ... ... ... .. ..... 340
10.2.3 Optimization Results . . . . .. .. .. ... ... ..... 342
10.2.4 Surrogate-based Uncertainty Quantification . . . . . . . . 345
10.2.5 Uncertainty Quantification Results . . . . .. ... .. .. 346
10.2.6 Robust Design Results . . . . . . .. .. .. ... ... .. 347

10.3 Potentials and Limits of Machine Learning for Applied Aerody-
NAMICS . . .« v v v v e e e e e e e e e e e 349
10.3.1 Data Driven Turbulence Modeling . . . . . ... ... .. 352
10.3.2 Graph-Neural Networks for Pressure Predictions . . . . . 353
10.3.3 Physics-Informed Neural Networks . . . . ... ... ... 355
10.4 Conclusions . . . . . . . . . .. . e 358

11 Dimensionality reduction, classification and reduced-order
modelling for reacting flow simulations 359
11.1 Introduction . . . . . . . . . . . ... 360
11.2 Feature extraction using dimensionality reduction techniques . . 362
11.2.1 Combustion datasets . . . .. .. .. ... ... ..... 362
11.2.2 Theory . . . . . . . . . o 363
11.2.3 Results . . . . . . . . .. .. . 366
11.3 Transport of principal components . . . . ... ... ... .... 372
11.3.1 Regression Models . . . . . .. .. .. ... ... .. ... 373
11.3.2 Validation in simple reactors . . . . . .. .. .. ... .. 375
11.3.3 Validation in LES simulations . . . . . . . ... ... ... 380
11.4 Chemistry acceleration via adaptive-chemistry . . . . . . . . . .. 383
11.4.1 Introduction. . . . . . . .. .. .. oL oL 385
11.4.2 Results . . . . . . . . .. . 387
11.5 Digital twin of a combustion furnace . . . . . . ... .. ... .. 392
11.5.1 ROM development . . . . . ... ... ... ... ..... 394
11.5.2 Reconstruction of test data . . . . . . .. ... ... ... 394

5



CONTENTS

11.5.3 Prediction of new data . . . . . .. .. .. ...
11.5.4 ROM testing . . . . . . ... .. .. .. ...,
11.6 Self-updating digital twins . . . . . . . .. ... oo L.
11.6.1 Recursive Kalman Filter . . . . . . . ... ... ... ...
11.6.2 Steady-state Kalman Filter . . . . ... ... .......
11.6.3 Sensitivity analysis . . . . . . . .. ... .. oL

12 Digital Twins: Challenges and Enablers
12.1 Digital Twin: Taxonomy and Terminology . . . . . . .. .. ...
12.2 Capability Levels of a Digital Twin . . . . . . ... ... .. ...
12.3 The Exchange between Digital Twins and Fluid Dynamics . . . .
12.4 Challenges . . . . . . . . . . e
12.5 Enablers . . . . . . ..o
12.6 Prospects and Outlook . . . . . . .. ... ... ... . ......



Preface

This book originated as a collection of lecture notes from the VKI lecture series
Machine Learning for Fluid Dynamics, jointly organized by the von Karman
Institute (VKI) and the Université Libre de Bruxelles (ULB) and held in Brussels
from January 29 to February 2, 2024. The course program, the recording of some
of the lectures, and additional information on all course editions are available
on the course webpage https://www.datadrivenfluidmechanics.com/.

Book Overview

The book is organized around four main topics: (1) modeling (Chapters 2 to 5),
(2) control (Chapters 6 and 7), (3) dimensionality reduction (Chapters 8 and
9), and (4) applications in aerodynamics and reactive flows (Chapters 10 and
11). These core sections are framed by an introductory chapter on the machine
learning workflow (Chapter 1) and a concluding chapter discussing the future of
Digital Twinning technology (Chapter 12).

Chapter 1 with a high-level overview of machine learning for scientific
discovery by Steve Brunton. This chapter reviews the process of formulating a
machine-learning problem for scientific purposes in its five key stages: problem
formulation, data collection, model architecture, loss function design, and
optimization algorithm selection. It emphasizes the role of physics-informed
machine learning in enhancing model accuracy and offers an example of sparse
identification of nonlinear dynamics (SINDy).

The session on modeling opens in Chapter 2, by Miguel A. Mendez,
which delves into the fundamentals of regression, covering parametric and
non-parametric regression methods, the notion of maximum likelihood esti-
mation, bootstrapping and cross-validation, and the definition of various cost
functions. It closes with the applications of these tools for data-driven scien-
tific computing. This chapter is complemented by Chapter 3, which bridges
theory with hands-on applications in data-driven fluid mechanics. This chap-
ter, by Miguel A. Mendez and co-workers, provides three Python tutorials in
physics-constrained regression. Three exercises are considered, from "gap filling"
and super-resolution to turbulence modeling and real-time data assimilation.
Chapter 4, by Paola Cinnella, explores data-driven approaches for identifying
turbulent stress closures using high-fidelity simulation and experimental data,
focusing on Reynolds-Averaged Navier-Stokes (RANS) modeling. Bayesian meth-
ods and non-parametric approaches are introduced to handle uncertainty and
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enhance model adaptability, illustrated through several case studies highlighting
key research trends in the field. Chapter 5, by Luca Magri and co-workers,
dives into the prediction with chaotic dynamical systems. Starting from an
introduction to key concepts such as Lyapunov exponents to measure sensitivity
to initial conditions, this chapter introduces machine learning methods such
as Recurrent Neural Networks (RNN) and Echo State Networks (ESNs) and
their applications to forecast short-term behaviors for seemingly unpredictable
systems.

Within the session on flow control, Chapter 6, by Onofrio Semeraro,
provides an introduction to Reinforcement Learning (RL) and its potential for
flow control. This chapter links fundamental notions of RL —such as the Bellman
equation, rewards, and policies— to more traditional optimal control settings and
its standard tools — such as the Riccati equation and Linear Quadratic Regulators.
It also provides a broad literature review and perspective on its applications in
fluid mechanics. Chapter 7, by Stefano Discetti and co-workers, complements
the tour in control application with an introduction to Model Predictive Control
(MPC) for linear and nonlinear systems. This chapter features a case study
on wake control to illustrate how MPC can stabilize fluid flows by predicting
and adjusting control actions in real time, making it valuable for applications
requiring high responsiveness.

Within the session on dimensionality reduction, Chapter 8, by Miguel A.
Mendez and co-workers, reviews the fundamentals of dimensionality reduction,
starting from the classic Principal Component Analysis (PCA) and moving
towards classic data-driven decompositions and more complex autoencoders and
manifold learning methods. Chapter 9, by Soledad Le Clainche and co-workers
complements the session on dimensionality reduction with an overview of hybrid
linear and nonlinear methods, combining traditional modal analysis with deep
learning architecture to enhance pattern identification performances.

In the session on applications, Chapter 9, by Philippe Bekemeyer and
co-workers, gives a broad overview of machine learning methods for aerodynamic
design optimization, focusing on surrogate models for computational efficiency,
uncertainty quantification, and robust design. The presentation is enriched by an
example case study on airfoil design to illustrate how machine learning can create
faster and more efficient optimization workflows. Chapter 10, by Alessandro
Parente and co-workers, presents recent advances in dimensionality reduction
and classification for reactive flows, such as those encountered in combustion and
chemical reactions. Several topics linked to the aim of reducing computational
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costs are discussed: from feature extraction to transport of principal components
and chemistry acceleration techniques.

Finally, the book closes with Chapter 12 by Omer San, exploring the
notion of digital twins, their potential, challenges, and enabling technologies.
The chapter introduces the main scopes of digital twinning, including predictive
maintenance, operational efficiency, and performance optimization, and discusses
how these could be applied in complex fluid systems like engines, wind turbines,
and HVAC systems.

Miguel A. Mendez
von Karman Institute for Fluid Dynamics

Alessandro Parente
Université libre de Bruxelles
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Machine Learning
for Scientific Discovery

STEVE BRUNTON,*

UNIVERSITY OF WASHINGTON, SEATTLE WA, USA

These notes provide a brief overview of how machine learning is being used
to advance scientific discovery. Specifically, we focus on how to use machine
learning to build data-driven models in fluid mechanics. The process of machine
learning is broken down into five stages: (1) formulating a problem to model,
(2) collecting and curating training data to inform the model, (3) choosing an
architecture with which to represent the model, (4) designing a loss function
to assess the performance of the model, and (5) selecting and implementing an
optimization algorithm to train the model. At each stage, we discuss how prior
physical knowledge may be embedded into the process, with specific examples
from the field of fluid mechanics. Finally, we give an example of the sparse
identification of nonlinear dynamics (SINDy) approach to model discovery.

1.1 Introduction

The field of fluid mechanics is rich with data and rife with problems, which makes
it a perfect playground for machine learning. Machine learning is the art of
building models from data using optimization and regression algorithms. Many
of the challenges in fluid mechanics may be posed as optimization problems, such
as designing a wing to maximize lift while minimizing drag at cruise velocities,
estimating a flow field from limited measurements, controlling turbulence for
mixing enhancement in a chemical plant, or reducing drag behind a vehicle,
among myriad others. These optimization tasks fit well with machine learn-
ing algorithms, which are designed to handle nonlinear and high-dimensional
problems. In fact, machine learning and fluid mechanics both tend to rely on

*

sbrunton@uw.edu.
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the same assumption that there are patterns that can be exploited, even in
high-dimensional systems (Taira et al., 2017). Often, the machine learning
algorithm will model some aspect of the fluid, such as the lift profile given a
particular airfoil geometry, providing a surrogate that may be optimized over.
Machine learning may also be used to directly solve the fluid optimization task,
such as designing a machine learning model to manipulate the behavior of the
fluid for some engineering objective with active control (Rabault et al., 2019;
Ren et al., 2020; Zhou et al., 2020).

In either case, it is important to realize that machine learning is not an
automatic or turn-key procedure for extracting models from data. Instead, it
requires expert human guidance at every stage of the process, from deciding
on the problem to collecting and curating data that might inform the model,
to selecting the machine learning architecture best capable of representing or
modeling the data, to designing custom loss functions to quantify performance
and guide the optimization, to implementing specific optimization algorithms to
train the machine learning model to minimize the loss function over the data. A
better name for machine learning might be “expert humans teaching machines
how to learn a model to fit some data," although this is not as catchy. Particularly
skilled (or lucky!) experts may design a learner or a learning framework capable of
learning a variety of tasks, generalizing beyond the training data, and mimicking
other aspects of intelligence. However, such artificial intelligence is rare, even
more so than human intelligence. The majority of machine learning models
are just that, models, which should fit directly into the decades old practice of
model-based design, optimization, and control (Brunton et al., 2020).

With its unprecedented success on many challenging problems in computer
vision and natural language processing, machine learning is rapidly entering the
physical sciences, and fluid mechanics is no exception. The simultaneous promise
and overpromise of machine learning are causing many researchers to have a
healthy mixture of optimism and skepticism. In both cases, there is a strong
desire to understand machine learning’s uses and limitations and best practices
for incorporating it into existing research and development workflows. It is also
important to realize that while it is now relatively simple to train a machine
learning model for a well-defined task, creating a new model that outperforms
traditional numerical algorithms and physics-based models is still difficult. In-
corporating partially known physics into the machine learning pipeline improves
model generalisation and interpretability, which are key elements of modern
machine learning (Du et al., 2019; Molnar, 2020).
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1. Problem (e.g. model reduction)

( 1\ r )
2. Data X 3. Architecture f(X,0) =f;°f,f

X
V4

4. Loss Z(0,X)

5. Optimize 6* = argmin,Z(0,X)

Figure 1.1: Schematic of the five stages of machine learning on an example of
reduced-order modeling. In this case, the goal is to learn a low dimensional
coordinate system z = fi(x, 6;) from data in a high-dimensional representation
x, along with a dynamical system model z = f3(z, 02) for how the state z evolves
in time. Finally, this latent state derivative z must be able to approximate
the high dimensional derivative x through the decoder x ~ f3(z, 03). The loss
function £(0,X) defines how well the model performs, averaged over the data
X. Finally, the parameters 6 = {61, 62,03} are found through optimization.

1.2 Physics Informed Machine Learning for Fluid Mechanics

Applied machine learning may be separated into a few canonical steps, each
of which provides an opportunity to embed prior physical knowledge: (1)
choosing the problem to model or the question to answer; (2) choosing and
curating the data used to train the model; (3) deciding on a machine learning
architecture to best represent or model this data; (4) designing loss functions to
quantify performance and to guide the learning process; and (5) implementing
an optimization algorithm to train the model to minimize the loss function over
the training data. See Fig. 1.1 for a schematic of this process on the example of
reduced-order modeling. This organization of steps is only approximate, and
there are considerable overlaps and tight interconnections between each stage.
For example, choosing the problem to model and choosing the data to inform
this model are two closely related decisions. Similarly, designing a custom loss
function and implementing an optimization algorithm to minimize this loss
function are tightly coupled. In most modern machine learning workflows, it is
common to iteratively revisit earlier stages based on the outcome at later stages
so that the machine learning researcher is constantly asking new questions and
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revising the data, the architecture, the loss functions, and the optimization
algorithm to improve performance. Here, we discuss these canonical stages of
machine learning, investigate how to incorporate physics, and review examples
in the field of fluid mechanics. This discussion is largely meant to be a high-level
overview, and many more details can be found in recent reviews (Duraisamy
et al., 2019; Brenner et al., 2019; Brunton et al., 2020; Brenner & Koumoutsakos,
2021).

1.2.1 The problem

Data science is the art of asking and answering questions with data. The
sub-field of machine learning is concerned with leveraging historical data to
build models that may be deployed to automatically answer these questions,
ideally in real-time, given new data. It is critical to select the right system to
model, motivated by a problem that is both important and tractable. Choosing
a problem involves deciding on input data that will be readily available in the
future and output data that will represent the desired output, or prediction,
of the model. The output data should be determinable from the inputs, and
the functional relationship between these is precisely what the machine learning
model will be trained to capture.

The nature of the problem, specifically what outputs will be modeled given
what inputs, determines the large classes of machine learning algorithms: su-
pervised, unsupervised, and reinforcement learning. In supervised learning, the
training data will have expert labels that should be predicted or modeled with
the machine learning algorithm. These output labels may be discrete, such as a
categorical label of a ‘dog’ or a ‘cat’ given an input image, in which case the
task is one of classification. If the labels are continuous, such as the average
value of lift or drag given a specified airfoil geometry, then the task is one of
regression. In unsupervised learning, there are no expert labels, and structure
must be extracted from the input data alone; thus, this is often referred to as
data mining, and constitutes a particularly challenging field of machine learning.
Again, if the structure in the data is assumed to be discrete, then the task is
clustering. After the clusters are identified and characterized, these groupings
may be used as proxy labels to then classify new data. If the structure in the
data is assumed to be continuously varying, then the task is typically thought
of as an embedding or dimensionality reduction task. Principal component
analysis (PCA) or proper orthogonal decomposition (POD) may be thought of
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as unsupervised learning tasks that seek a continuous embedding of reduced
dimension (Brunton & Kutz, 2019). Reinforcement learning is a third, large
branch of machine learning research, in which an agent learns to make control
decisions to interact with an environment for some high-level objective (Sutton
& Barto, 1998). Examples include learning how to play games (Mnih et al.,
2015; Silver et al., 2017), such as chess and go.

Embedding physics: Deciding on what phenomena to model with machine
learning is often inherently related to the underlying physics. Although classical
machine learning has been largely applied to “static" tasks, such as image
classification and the placement of advertisements, increasingly it is possible to
apply these techniques to model physical systems that evolve in time according
to some rules or physics. For example, we may formulate a learning problem
to find and represent a conserved quantity, such as a Hamiltonian, purely from
data (Kaiser et al., 2018a). Alternatively, the machine learning task may be to
model time-series data as a differential equation, with the learning algorithm
representing the dynamical system (Schmidt & Lipson, 2009; Schmid, 2010;
Brunton et al., 2016b; Pathak et al., 2017; Vlachas et al., 2018). Similarly, the
task may involve learning a coordinate transformation where these dynamics
become simplified in some physical way; i.e., coordinate transformations to
linearize or diagonalize/decouple dynamics (Lusch et al., 2018; Wehmeyer &
Noé, 2018; Mardt et al., 2018; Takeishi et al., 2017; Li et al., 2017; Yeung et al.,
2017; Otto & Rowley, 2019; Champion et al., 2019).

Examples in fluid mechanics: There are many physical modeling tasks in
fluid mechanics that are benefiting from machine learning (Brenner et al., 2019;
Brunton et al., 2020). A large field of study focuses on formulating turbulence
closure modeling as a machine learning problem (Duraisamy et al., 2019; Ahmed
et al., 2021a), such as learning models for the Reynolds stresses (Ling et al.,
2016b; Kutz, 2017) or sub-gridscale turbulence (Maulik et al., 2019b; Novati
et al., 2021). Designing useful input features is also an important way that prior
physical knowledge is incorporated into turbulence closure modeling (Wang
et al., 2017; Zhu et al., 2019a, 2021). Similarly, machine learning has recently
been focused on the problem of improving computational fluid dynamics (CFD)
solvers (Bar-Sinai et al., 2019; Thaler et al., 2019; Stevens & Colonius, 2020;
Kochkov et al., 2021). Other important problems in fluid mechanics that benefit
from machine learning include super-resolution (Erichson et al., 2020; Fukami
et al., 2019), robust modal decompositions (Taira et al., 2017, 2020; Scherl
et al., 2020), network and cluster modeling (Nair & Taira, 2015; Kaiser et al.,
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2014; Fernex et al., 2021), control (Maceda et al., 2021; Zhou et al., 2020) and
reinforcement learning (Fan et al., 2020; Verma et al., 2018), and design of
experiments in cyberphysical systems (Fan et al., 2019). Aerodynamics is a
large related field with significant data-driven advances (Kou & Zhang, 2021).
The very nature of these problems embeds the learning process into a larger
physics-based framework so that the models are more physically relevant by
construction.

1.2.2 The data

Data is the lifeblood of machine learning, and our ability to build effective
models relies on what data is available or may be collected. As discussed earlier,
choosing data to inform a model is closely related to choosing what to model in
the first place, and therefore this stage cannot be strictly separated from the
choice of a problem above. The quality and quantity of data directly affect the
resulting machine learning model. Many machine learning architectures, such as
deep neural networks, are essentially sophisticated interpolation engines, and so
having a diversity of training data is essential to these models being useful on
unseen data. For example, modern deep convolutional neural networks rose to
prominence with their unprecedented classification accuracy (Krizhevsky et al.,
2012) on the ImageNet data base (Deng et al., 2009), which contains over 14
million labeled images with over 20,000 categories, providing a sufficiently large
and rich set of examples for training. This pairing of a vast labeled data set
with a novel deep learning architecture is widely regarded as the beginning of
the modern era of deep learning (Goodfellow et al., 2016).

Embedding physics: The training data provides several opportunities to
embed prior physical knowledge. If a system is known to exhibit symmetry,
such as translational or rotational invariance, then it is possible to augment
and enrich the training data with shifted or rotated examples. More generally,
it is often assumed that with an abundance of training data, these physical
invariances will automatically be learned by a sufficiently expressive architecture.
However, this approach tends to require considerable resources, both to collect
and curate the data, as well as to train increasingly large models, making it
more appropriate for industrial scale, rather than academic scale research. In
contrast, it is also possible to use physical intuition to craft new features from the
training data, for example, by applying a coordinate transformation that may
simplify the representation or training. Physical data often comes from multiple
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Fundamentals of Regression
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This chapter opens with a review of classic tools for regression, a subset of
machine learning that seeks to find relationships between variables. With the
advent of scientific machine learning® this field has moved from a purely data-
driven (statistical) formalism to a constrained or “physics-informed” formalism,
which integrates physical knowledge and methods from traditional computational
engineering. In the first part, we introduce the general concepts and the
statistical flavor of regression versus other forms of curve fitting. We then
move to an overview of traditional methods from machine learning and their
classification and ways to link these to traditional computational science. Finally,
we close with a note on methods to combine machine learning and numerical
methods for physics

2.1 A note on notation and style

Vectors, Matrices and lists. We use lowercase letters for scalar quantities,
i.,e. a € R. Bold lowercase letters are used for vectors, i.e., @ € R™. The
i-th entry of a vector is denoted with a subscript as @; or with Python-like
notation as x[i]. We use square brackets to create vectors from a set of scalars,
e.g a = [ag,a,...an,—1] € R™. Unless otherwise stated, a vector is a column

*
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The term “scientific machine learning” refers to the integration of machine learning with
models, principles, and data arising from the natural sciences and engineering. It does
not imply that other forms of machine learning are non-scientific. Instead, it highlights a
focus on problems where physical laws (e.g., conservation laws, PDEs, thermodynamics)
play a central role. Scientific machine learning typically involves combining data-driven
methods with domain knowledge, physics-based modeling, numerical simulation, and
uncertainty quantification. The emphasis is on developing algorithms that are constrained
by—or informed by—scientific theory, enabling improved prediction, interpretability, and
generalization in complex physical systems.
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“equally” by the training optimizer. Even when an appropriate balance is
reached, the optimal solution usually seeks a compromise that does not
ensure the fulfillment of the condition to machine precision. This can be
problematic for problems extremely sensitive to, e.g., boundary conditions.
A remedy is the use of methods for re-scaling™ the gradient of the cost
function during the training (Wang et al., 2021).

In summary, penalties are usually of great help and always worth consider-
ing, given how simple it is to set them up. However, one should not solely
rely on these to fully enforce the physics-driven information unless fairly
sophisticated methods are used.

3. Lagrange Multipliers and Hard Constraints. If the previous ap-
proach can be viewed as adding soft constraints, this framework enforces
hard constraints. The training problem is formulated as a constrained
optimization, where the data-driven cost function ¢ is minimized subject
to the physics-driven constraint Rg = 0. The literature on constrained
optimization is extensive (see Nocedal & Wright (2006) and Martins &
Ning (2021) for overviews), and many algorithmic strategies are available.

The general idea is to introduce the augmented function A = § + AT Ry,
where A € R"/ is the vector of Lagrange multipliers and n ¢ is the number of
constraints. Unlike the soft-constraint approach, this formulation requires
solving for both f and A, making the problem numerically more involved.

For linear methods such as Radial Basis Functions (RBFs), this constrained
formulation recovers well-known structures when addressing classical PDEs.
When enforcing PDE constraints together with standard boundary con-
ditions (e.g., Dirichlet or Neumann), the resulting system often reduces
to a quadratic objective with linear constraints, leading to a large linear
system (Sperotto et al., 2022). More broadly, the use of RBF expansions to
solve PDEs without a computational mesh dates back to Kansa (1990a,b),
and has since generated a substantial literature (see, e.g., Fornberg &
Flyer (2015); Sarler (2005); Chen & Tanaka (2002); Chen (2003); Sarler
(2007)). RBF-based meshless methods extend classical pseudo-spectral
approaches (Fornberg, 1996), where Fourier or Chebyshev expansions are

*

A comprehensive and didactic talk concerning this problem is provided by Paris Perdikaris
and is available, at the time of writing, at http://www.ipam.ucla.edu/abstract/?tid=
16853&pcode=MLPWS3.
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typically used, and can be interpreted as a class of collocation schemes.
Arguably, one of the main reasons these methods have not achieved the
same widespread adoption as FEM is that the resulting linear systems
tend to be significantly less sparse, and therefore more memory-intensive.

For nonlinear methods, the constraining leads to less explored territory.
To the authors’ knowledge, no attempt has been made to combine a fully
constrained formalism with Genetic Programming for solving PDEs, at
least for fluid dynamic applications, and all known approaches in this
direction rely on a penalization framework (see Tsoulos & Lagaris (2006);
Sobester et al. (2008); Pratama et al. (2023); Oh et al. (2023). Concerning
constrained ANNSs, this is arguably the most promising and recent avenue.
The first approach was recently proposed by Basir & Senocak (2022) (see
also Basir & Senocak (2023) and Son et al. (2023)). Much development
can be expected soon.

2.4 Summary and Conclusions

This chapter provided a broad overview of regression methods in machine
learning and of strategies for incorporating physics-based information into the
learning process. We began by framing regression as the task of fitting not just
a single curve, but a stochastic process—a distribution of possible functions—to
observed data. The simplest viewpoint treated the function as the sum of a
deterministic component and a zero-mean stochastic term. We then moved
to a probabilistic interpretation, showing how different assumptions on the
stochastic term lead to different cost functions, which we referred to as data-
driven cost functions. We concluded this part by introducing bootstrapping and
cross-validation, fundamental tools for assessing generalization performance and
understanding the impact of limited data.

We then contrasted the data-driven learning framework with the classical
setting of scientific computing, where the target function is the solution of a
physics-based model, typically expressed as a PDE. Drawing parallels between
training parametric models and solving PDEs numerically allowed us to outline
methods that combine these two perspectives: seeking functions that both match
the available data and satisfy the governing physical laws.

With this foundation in place, we are now prepared to move to the next
chapter, which presents three tutorial exercises illustrating practical approaches
to such hybridization.
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This chapter complements the previous by providing three tutorial exercises
on physics-constrained regression. These are implemented as “toy problems” that
seek to mimic grand challenges in (1) the super-resolution and data assimilation
of the velocity field in image velocimetry, (2) data-driven turbulence modeling,
and (3) system identification and digital twinning for forecasting and control.
The Python codes for all exercises are provided in the course repository.

3.1 Problem 1: "Fill the Gaps" and super-resolution
3.1.1 General Context

In experimental fluid mechanics, velocity fields are often measured using image
velocimetry. This includes traditional Particle Image Velocimetry (PIV, Raffel
et al. (2018)), which relies on cross-correlation to estimate particle displacement
on a regular grid, and Particle Tracking Velocimetry (PTV, Schréder & Schanz
(2023)), in which individual particles are localized and tracked to obtain velocity
measurements at scattered spatial locations. Both approaches require post-
processing to address missing or unreliable data: filtering and outlier removal
in PIV can create gaps in the grid, while PTV data are inherently scattered.
Historically, PIV gaps were filled using non-parametric local averaging methods
(see Section 2.2.5). However, with the increasing adoption of three-dimensional
velocimetry techniques (Elsinga et al., 2006; Schanz et al., 2016), the emphasis
has shifted toward parametric and physics-informed regression methods for
reconstructing complete flow fields.

The key advantage of a parametric model is its analytical representation,
which allows for compact storage and facilitates the enforcement of constraints

*
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such as exact divergence-free conditions in incompressible flows. The resulting
analytic velocity field can be evaluated at any spatial location and provides
symbolic (rather than numerical) derivatives, a capability often referred to as
super-resolution. This removes the need to interpolate the data onto a specific
grid or to compute derivatives using finite-difference approximations. The
incorporation of physical priors or governing equations in the reconstruction
process is commonly referred to as data assimilation, a field that has grown
substantially in recent years (see Gesemann et al. (2016); Schneiders & Scarano
(2016); Agarwal et al. (2021); Sperotto et al. (2022); Sciacchitano et al. (2022);
Jeon et al. (2022)). The present "toy problem" therefore serves as an introductory
exercise in data assimilation for image velocimetry.
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Figure 3.1: Quiver plot of the training data in the constrained RBF regression
exercise of Section 3.1.

3.1.2 Proposed Exercise

In this exercise, we make use of the RBF-constrained framework proposed in
Sperotto et al. (2022) and implemented in the open-source software SPICY*
(meshlesS Pressure from Image veloCimetrY), developed at VKI (Sperotto
et al., 2024). The version provided to participants includes recent extensions
contributed by Manuel Ratz, who currently leads ongoing developments on
meshless data assimilation for turbulence statistics (see Ratz & Mendez (2024)).

In the terminology of Section 2.3, the method belongs to the third category, in

*  https://github.com/mendezVKI/SPICY_VKI
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which hard constraints are used to enforce physical priors during regression. The
task is to reconstruct a noisy velocity field measured in a two-dimensional corner
flow while imposing (1) boundary conditions, (2) divergence-free constraints, and
(3) curl-free conditions. In addition to these hard constraints, we also include
a global penalty term promoting divergence-free behavior. As we will briefly
discuss, enforcing constraints increases memory requirements and numerical
difficulty, whereas penalty terms introduce no additional memory cost and can
therefore assist the regression.

The flow considered here is shown in Figure 3.1. Training samples are
depicted as velocity arrows, and the walls are shown in red. The reference flow is
a 2D potential corner flow with potential Ar™ cos(n@), where A =1 and n =4/3,
corresponding to a corner angle of 135°. We sample the resulting velocity field at
298 quasi-random scattered points and add 30% uniform, uncorrelated noise to
emulate measurement conditions. While this level of noise is higher than what
is typically encountered in practice, it serves to clearly illustrate the robustness
of constrained regression.

3.1.3 Methodology and Results

The constrained RBF approach consists of minimizing the augmented cost
function

A(w,\) = §(w) + aP(w) + X # (w), (3.1)

where & is a quadratic penalty, # a linear constraint, and w are the weights
for the RBF regression (as in (2.13)). The reason for taking the penalties as
quadratic functions and the constraints as linear functions is that by doing so,
setting the gradients dA /dw = 0 and dA/dX = 0 leads to a linear system.
Moreover, the minimization must treat both w and A as unknown. Let us
analyze each of the terms in (3.1) independently.

The first term is the data-driven cost function. We consider a standard
lo norm at the scope. For the regression of a vector field with training data
wi; = u(x*) = (u(x*),v(x*)) this reads:

gt = ("5 o) () (%)
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Figure 3.13: Pendulum assimilation performances. The left-hand side shows
the time-series of (a) the real system (blue), the initial guess (dashed black
line), and the current assimilated prediction (solid red line). The right-hand
side depicts the cost function history at the i—th iteration.
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