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Reinforcement Twinning (RT) is a cyber–physical learning framework that integrates a
digital twin and a control agent into a unified feedback loop surrounding a physical system.
Its defining characteristic is the simultaneous adaptation of both predictive models and
control policies, which supports bidirectional information exchange between modeling and
decision-making.

This chapter formalizes RT as a coupled dynamical system comprising a physical plant,
a continuously updated twin with parametric closures, and two policy branches—model-
based and model-free—coordinated by a supervisory referee. We show how RT subsumes
both modeling-to-control and control-to-modeling paradigms, and specify when it reduces
to classical optimal control (perfect twin) or to purely data-driven reinforcement learning.

We present two algorithmic implementations. The first combines adjoint-based opti-
mal control for the model-based branch with actor–critic learning (DDPG with prioritized
experience replay) for the model-free branch, exposing a gradient-level symmetry that en-
ables gradient exchange, demonstration-driven learning, and policy cloning. The second
uses a multi-fidelity probabilistic surrogate of the reward, fusing low-fidelity twin evalua-
tions with sparse high-fidelity experiments via an autoregressive Gaussian-process model.
In both cases, we examine the referee’s role, conditions for consistency, and how each
branch can accelerate or regularize the other.

Redefining the reward as a model-mismatch cost yields a principled control-to-modeling
regime in which policy gradients and adjoint sensitivities optimize the same functional
along complementary directions. RT thus offers a unified framework in which optimal
control, adaptive modeling, and reinforcement learning become interacting components
of a single learning architecture rather than competing methodologies.
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1 Engineering in the Age of Real-World Data
Over the past two decades, engineered systems have entered what may reasonably be de-
scribed as an age of real-world data. Advances in sensing, embedded electronics, wireless
communication, and Internet-of-Things (IoT) infrastructures have dramatically increased
our ability to observe physical processes in situ and in real time (Lee, 2008; Lee and Seshia,
2015; Kagermann et al., 2013; Ficili et al., 2025). Modern industrial assets, energy sys-
tems, transportation platforms, manufacturing lines, and environmental infrastructures
are densely instrumented with sensor networks that continuously stream measurements
of temperature, pressure, vibration, flow, position, and operational states.

Surveys of IoT and cyber-physical systems document the rapid proliferation of con-
nected devices. Industrial IoT emphasizes real-time monitoring, predictive maintenance,
and data-driven optimization as core features of current engineering practice (Atzori et al.,
2010; Gubbi et al., 2013; Sicari et al., 2015; Tao et al., 2019). Systems once sparsely mea-
sured are now continuously observed at high spatial and temporal resolution.

The central question is how to leverage this observational richness. A data-rich envi-
ronment has the potential to reshape the entire engineering workflow—from design and
modeling to monitoring, diagnosis, and control.

This expanded sensing capability arrives at a moment when engineering systems are
being pushed into increasingly demanding operational regimes, under off-design, uncer-
tain, and rapidly evolving conditions. For example, offshore wind farms on floating plat-
forms are exposed to wave-induced loads, and atmospheric variability (Veers et al., 2019;
Lackner, 2009). Unmanned aerial vehicles must maneuver reliably in disturbed and clut-
tered environments with rapidly changing flow conditions (Kumar and Michael, 2012).
Emerging green propulsion systems, including cryogenic storage and transport technolo-
gies, operate under large thermal and dynamical excursions that challenge traditional
design assumptions (Adler and Martins, 2023). These examples, drawn primarily from
thermofluid systems, illustrate a broader trend. Similar challenges arise across power grids
integrating intermittent renewables, electrochemical storage systems subject to degrada-
tion, chemical process plants operating under fluctuating feed conditions, or autonomous
systems navigating uncertain environments to mention examples from other fields.

In all these engineering systems, the dominant physical processes can be described by
first-principles models derived from conservation laws and constitutive relations. How-
ever, high-fidelity simulations of these processes are typically too computationally ex-
pensive for operational decision-making and real-time flow control. Fast reduced-order
models are needed. Among the available options, the most effective are those that retain
as much physical structure as possible, embedding conservation principles together with
phenomenological coefficients (e.g. aerodynamic load models, damping terms, turbulence
closures, reaction rates, or heat- and mass-transfer coefficients). Yet these coefficients
are often derived from empirical correlations obtained under laboratory conditions that
may differ significantly from operational regimes. Regardless of the approach, the pre-
dictive performance of any reduced-order model deteriorates far from the conditions in
which it is derived. This raises a central challenge: how can predictive models be up-
dated or adapted online so that control decisions remain both physically consistent and
operationally effective?

The technical ingredients to address this challenge are largely available. However, a

VKI - 4 -



shift in mindset is required. Models, measurements, and control laws can not be treated as
loosely coupled components assembled in sequence but must be embedded within adaptive
feedback architectures capable of continuously integrating information from the physical
system. It is within this broader transformation of engineering practice that the concept
of the digital twin has gained prominence.

In its most general formulation, a digital twin is a virtual representation of a physical
asset that is continuously updated using real-time data and intended to support moni-
toring, prediction, and decision-making throughout the asset’s lifecycle (Tao et al., 2019;
Jones et al., 2020; Wagg et al., 2025). Unlike traditional simulation models, which are
typically constructed offline and used for scenario analysis, a digital twin is meant to
remain dynamically coupled to its physical counterpart during operation. Crucially, the
twin is not merely descriptive: as emphasized in recent analyses of the concept (Korenhof
et al., 2021; Wagg et al., 2025), it must become an acting—or steering—representation,
capable of taking decisions and influence the evolution of the physical process itself. This
closes the loop between representation and intervention.

From a control-theoretic perspective, this is a fundamental architectural shift. The
digital model becomes an active element of the closed-loop system, and the real system
becomes a source of epistemic gain. The twin can drive control actions and control actions
can improve the twin. The paradigm thus shifts from modeling to enable control toward
control-informed modeling. To operationalize this bidirectional coupling, model adapta-
tion and control improvement must be coordinated within a unified learning architecture.
Reinforcement twinning, first introduced in (Schena et al., 2024) and developed within
the ERC project “Re-Twist”, formalizes this idea by embedding policy optimization and
model refinement within a unified feedback structure.

The following sections define reinforcement twinning (Section 2) and examine its con-
ceptual roots (Section3).

2 What is Reinforcement Twinning?
Reinforcement twinning is a cyber-physical learning architecture in which a digital twin
and a control agent operate as a coupled unit around a physical system. Its defining
feature is the simultaneous adaptation of the predictive model and the control policy
within the same feedback loop.

Figure 1 illustrates the reinforcement twinning (RT) unit and its interaction with the
real system. The RT unit is composed of two adaptive components: a digital twin and
an acting agent, persistently coupled to a physical system. Their role is described below.

The Real System. The real system represents the physical process or engineering
asset under consideration. It evolves according to unknown or partially known dynamics
and produces real-time measurements. These measurements enable model–data alignment
within the twin and provide performance feedback—such as reward, cost, constraint vi-
olation, or task completion signals—to the agent. The system receives real actions from
the agent, which determine its trajectory and the operating regimes that are explored.

The Digital Twin. The digital twin offers a predictive model of the real system. It
embodies a closure structure or model class whose parameters are tuned to match observed
behavior, aiming to improve predictive accuracy. The twin generates internal predictions
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Figure 1: Schematic overview of the Reinforcement Twinning (RT) framework. The
reinforcement twinning unit links a digital twin and an acting agent to a real system.
The real system provides two feedback signals: measurement data for correcting the model
and performance signals for improving the policy. The agent queries the twin to evaluate
candidate actions, while its chosen actions shape the system’s operating conditions and
thus the data available to update the twin.

of state evolution and system response, which the agent can use for simulation, planning,
and counterfactual analysis.

The Acting Agent. The acting agent implements a policy that selects actions applied
to the real system. Its objective is to improve performance according to a specified
criterion. The agent receives performance feedback from the system and may exploit the
twin’s predictions for virtual evaluation of candidate actions.

Two limiting operating regimes can be distinguished within this architecture, illus-
trated in Figures 2 and 3. In the modeling-to-control regime (Figure 2), the digital twin
primarily serves the control agent: predictive simulations and model updates are exploited
to improve control performance. This configuration encompasses established method-
ologies from adaptive control, model predictive control, and model-based reinforcement
learning. In the control-to-modeling regime (Figure 3), the emphasis is reversed: the
agent seek to excite the system to generate more informative data, thereby accelerating
model refinement. This regime connects to dual control, active system identification, and
information-driven exploration strategies. These conceptual roots are analyzed in more
detail in Sections 3.1 and 3.2.

Internal Virtual Interaction. Within the RT unit, the twin and agent interact
via a virtual channel. The agent evaluates states and actions with the twin’s predictive
model, while twin updates alter the landscape in which the agent optimizes its policy.
This complements physical feedback and enables simultaneous policy optimization and
model refinement.

External Learning Coupling. An RT unit may run alone or within a network of
twinning units. External feedback can involve shared model updates (Marques et al.,
2024), shared policy updates, or aggregated performance signals across assets. This mod-
ularity lets reinforcement twinning scale from individual systems to fleets of interacting
assets.
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Figure 2: Modeling-to-control regime of reinforcement twinning. The digital twin pri-
marily serves the acting agent: predictive simulations and model updates are exploited to
improve control performance. This mode encompasses adaptive control, model predictive
control, and model-based reinforcement learning, where models are used to synthesize or
optimize control actions (see Section 3.1).

Figure 3: Control-to-modeling regime of reinforcement twinning. Action selection empha-
sizes informative excitation of the system to improve model fidelity. This mode includes
dual control, active identification, and information-theoretic or curiosity-driven explo-
ration approaches (see Section 3.2.

Reinforcement twinning is defined by the coexistence and coordination of these mech-
anisms within a single cyber-physical learning structure: (i) predictive correction through
model–data alignment, (ii) performance-driven policy improvement, and (iii) virtual model-
based evaluation and exploration shaping.
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3 Conceptual Roots
The reinforcement twinning architecture lies at the intersection of several established
research traditions concerned with the interaction between modeling and control. His-
torically, these traditions have emphasized one of two complementary directions. In the
modeling-to-control view, predictive models are built or updated to design or improve
control actions. In the control-to-modeling view, control actions are chosen to improve
system identification, reduce uncertainty, or clarify system structure.

Reinforcement twinning offers a unifying framework in which these two directions
appear as limiting cases of a single cyber-physical learning architecture. Instead of treating
modeling and control as sequential or separate, it couples predictive refinement and policy
optimization within a persistent feedback loop. The main methods for each direction are
reviewed in Sections 3.1 and 3.2.

3.1 Modeling-to-Control
The modeling-to-control paradigm is historically the dominant framework in control the-
ory, and particularly in flow control. In this perspective, a predictive model of the un-
derlying dynamics is constructed and subsequently used to derive an optimal control law.
We covered this framework in lecture 5, Section 2.

In fluid mechanics, this tradition spans a broad spectrum of modeling strategies. At
one end lie analytical or semi-analytical reductions of the governing equations, enabling
optimal control formulations directly at the PDE level (Sritharan, 1998; Gunzburger,
2002). The associated control problems are typically addressed using Pontryagin’s Max-
imum Principle or adjoint-based optimization techniques (Dixon, 1981; Carnarius et al.,
2011), or, in principle, through Hamilton–Jacobi–Bellman (HJB) formulations (Peng,
1992; Bardi and Capuzzo-Dolcetta, 1997; Stengel, 1994). These approaches provide a
rigorous mathematical foundation, with explicit optimality conditions.

At higher Reynolds numbers or in complex geometries, direct optimal control of the
full-order system becomes computationally prohibitive. This has motivated the devel-
opment of projection-based reduced-order models (ROMs), which approximate the high-
dimensional flow dynamics on low-dimensional manifolds extracted from dominant coher-
ent structures (Ravindran, 2000; Rowley and Dawson, 2017). Model reduction enables
tractable design of linear-quadratic regulators (LQR) and model predictive controllers
(MPC) for fluid flows (see Leugering et al. (2011); Schwenzer et al. (2021) among others).
In these settings, the model acts as a surrogate for the true dynamics, allowing control
design to proceed offline with limited direct interaction with the physical system.

The strength of this modeling-to-control family lies in its mathematical structure and
sample efficiency. Once a sufficiently accurate model is available, optimal control policies
can be synthesized with minimal experimental interaction. However, practical perfor-
mance depends critically on model fidelity. In real engineering systems, parameters drift,
boundary conditions change, and unmodeled phenomena emerge, giving rise to the well-
known model–plant mismatch problem (Badwe et al., 2010). The resulting “reality gap”
between simulation and operation can degrade performance.

To mitigate these effects, system identification and data assimilation techniques are
commonly employed to update model parameters or states using measurement data
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(Ljung, 1999; Asch et al., 2016). In fluid flows, data-driven closure modeling and machine-
learning-enhanced reduced-order models further extend this idea (Chiuso and Pillonetto,
2019; Buizza et al., 2022; Abarbanel et al., 2018). Alternatively, adaptive control strate-
gies adjust controller parameters online to compensate for model uncertainties (Åström
and Wittenmark, 2008). In all these cases, the objective remains performance-oriented:
model updates are performed to preserve or improve control quality.

More recently, model-based reinforcement learning (MBRL) has revived the modeling-
to-control principle within the machine-learning community (Sutton and Barto, 1998;
Polydoros and Nalpantidis, 2017; Moerland et al., 2023). Learned dynamics models are
exploited to generate synthetic rollouts, warm-start policies as we saw in tutorial 4 of
lecture 5, or guide value-function estimation. In fluid mechanics, reinforcement learning
has been successfully applied to active flow control problems (Werner et al., 2023; Pino
et al., 2023), often relying on simulators for policy training before deployment. Hybrid
approaches further combine model-based structure with model-free flexibility, for instance
through residual policy learning or model-guided initialization (Bansal et al., 2017; Naga-
bandi et al., 2018; Johannink et al., 2019).

Across this broad spectrum of methodologies—from PDE-constrained optimal con-
trol to reduced-order modeling, adaptive control, and model-based reinforcement learn-
ing—the unifying principle remains consistent: predictive models are constructed and
refined in order to synthesize effective control actions. Reinforcement twinning encom-
passes this regime when the digital twin primarily serves as a predictive engine supporting
policy optimization (Figure 2).

3.2 Control-to-Modeling
In the control-to-modeling paradigm, control actions are chosen to improve system knowl-
edge. Standard adaptive control adopts this idea but largely separates model refinement
from control synthesis. This separation leads to the certainty-equivalence principle, where
estimated parameters are treated as true when computing control actions (Åström and
Wittenmark, 1995; Ioannou and Sun, 1996). As a result, it often ignores that actions sta-
bilizing the system may not reduce model uncertainty. Learning can then remain passive
and confined to a narrow range of operating conditions (Feldbaum, 1960), as discussed in
Lecture 5, Section 4.

Many approaches acknowledge uncertainty without actively seeking to reducing it.
Early examples include central-tendency controllers, which bias adaptive laws toward
conservative parameter estimates to mitigate risk (Ryall and Moore, 1989; Moore et al.,
1989). More recent uncertainty-aware control and learning methods aim to maximize
the probability of meeting performance and safety objectives given explicit uncertainty
estimates, e.g., robust or risk-sensitive MPC and uncertainty-aware reinforcement learning
(Dehkordi et al., 2025; Kahn et al., 2017). Although effective for safety, these frameworks
are mostly exploitative: they manage uncertainty without explicitly choosing actions to
gain information.

Another line of work enforces exploration via persistent excitation. Classic examples
include adaptive pole-positioning (Anderson and Johnstone, 1985) and extremum-seeking
control, where dithering signals probe and improve performance (Krstić, 2000; Ariyur
and Krstic, 2003). A key limitation is the lack of clear principles for when to excite
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the system and how to design probing signals; excitation remains heuristic and most
importantly, problem-dependent.

In the case of sloshing dynamics, for example small-amplitude oscillations may suffice
for feedback regulation but are generally inadequate for identifying damping or nonlin-
ear free-surface effects. In contrast, deliberate excitation over selected frequency bands
improves model fidelity by exposing more of the system’s dynamic response. The same
applies to variable-pitch propellers: steady operation at an optimal thrust reveals little
about aerodynamic coefficients, whereas transient pitch maneuvers produce richer dynam-
ics that facilitate parameter estimation. Likewise, running a wind turbine only near its
optimal tip-speed ratio yields nor information about off-design aerodynamics (see tuto-
rials 2 and 3 of lecture 5), while deliberate excursions—such as brief operation at high
induction factors—reveal nonlinear load responses that enable more accurate models.
Similarly, tightly regulated cryogenic storage units, though vital for safety and nominal
performance, can mask heat-transfer nonlinearities that appear only during controlled
thermal transients or dynamic excitations such as sloshing.

A more principled framework linking regulation and learning is dual control, which
chooses control actions to jointly optimize performance and improve state and/or param-
eter estimates (Feldbâum, 1963; Wittenmark, 1995; Mesbah, 2018). In principle, dynamic
programming addresses this trade-off by valuing actions that reduce uncertainty when this
lowers expected long-term cost (Bertsekas, 2005; Chen et al., 2021). Probing becomes
optimal whenever its expected future benefit exceeds its short-term performance loss.
However, exact dynamic programming is computationally intractable for most coupled
estimation–control problems (Åström and Helmersson, 1986; Bernhardsson, 1989).

Practical methods approximate the exploration–exploitation trade-off with surrogate
mechanisms. A common approach is to augment the control objective with explicit
estimation-quality terms, coupling regulation and identification in one criterion (Good-
win and Payne, 1977; Wittenmark and Elevitch, 1985). In many applications, the balance
between performance and information gathering is enforced indirectly via surrogate costs,
separate identification phases, or heuristic excitation.

Beyond dual control, related fields also exemplify the control-to-modeling principle. In
adaptive system identification and optimal experiment design, input trajectories are op-
timized to maximize information or parameter identifiability (Goodwin and Payne, 1977;
Ljung, 1999), with control signals chosen to improve the model rather than regulate.
In reinforcement learning, curiosity-driven and intrinsic-motivation methods reward ac-
tions that reduce prediction error or increase model uncertainty, formalizing information-
seeking in high-dimensional spaces (Schmidhuber, 2010; Pathak et al., 2017). Though
often framed within AI, these approaches share a core idea: control shapes the data
distribution to improve predictions.

Model-based fault detection and diagnosis provide a related view (Isermann, 2006;
Blanke et al., 2016). Comparing model predictions with measurements enables residual-
based fault detection, and in active fault diagnosis, control inputs are designed to increase
diagnostic sensitivity. The goal shifts from regulation to structural discrimination. In
sloshing tanks, specific excitation patterns can amplify residuals indicating structural
changes such as altered boundary conditions or internal damping. In propulsion systems,
deliberate pitch modulation in a VPP can increase sensitivity to blade asymmetries or
actuator degradation. Here, control actions enhance diagnostic observability.

VKI - 10 -



Across these traditions, the idea is consistent: actions influence knowledge. The
control-to-modeling regime of reinforcement twinning generalizes this by embedding in-
formation seeking behavior.

4 General Mathematical Formulation
Reinforcement twinning can be formalized in discrete time as a coupled cyber–physical
dynamical system composed of three layers: the real system, the digital twin, and a
set of candidate policies evaluated within the twin. Figure 4 summarizes this structure
schematically, highlighting the coexistence of a physical trajectory and multiple virtual
rollouts within the twin, together with the referee mechanism that selects which action
is applied to the plant. The extension of this formulation to continuous time is natural,
replacing the discrete-time updates of the plant, twin, and candidate policies with the
corresponding flows generated by their continuous-time dynamics.

4.1 Structural Components
Real System (Black-Box Layer). The physical system evolves according to unknown
dynamics, s•,k+1 = F•(s•,k, zk, ak),

o•,k = h•(s•,k),
(1)

where s•,k ∈ Rns denotes the true and is usually not available, zk ∈ Rnz denotes exogenous
inputs or disturbances and ak ∈ Rna denotes the control action. We return to this later.
The policy governing these actions and the training of the digital twin can only rely on
partial, indirect and usually noisy observations o•,k ∈ Rno , which are linked to the actual
state via an unknown observation function h•().

Digital Twin (White-Box Layer). The digital twin provides a structured predic-
tive model in which the dominant physics are represented explicitly, while unresolved or
unmodeled effects are captured through a data-driven closure law. In the notation of
Lecture 5, we introduce a closure variable pk generated by a parametric closure model

pk = g(s◦,k, zk, ak | θp), (2)

where θp denotes the closure parameters to be learned and s◦,k denotes the full state of
the system. This could be inferred from the partial observation using techniques from
data assimilation or could be provided by the digital twin, which evolves it according to
a fully known dynamics s◦,k+1 = F◦(s◦,k, zk, ak),

o◦,k = h◦(s◦,k),
(3)

These “twin” states could also be corrected using the real observations o•,k using
standard statistical tools such as Kalman filters. The virtual observations o◦,k = h◦(s◦,k)
are designed to mimic the measurement process from the real world and one could expect
h◦ ̸= h• in general.
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Figure 4: Reinforcement twinning architecture coupling a digital twin and two candidate
policies around a real system. Prediction error updates the twin via JT , while rewards
RA,◦ and RA,• update the policies.

Candidate Control Policies. Two candidate policies are considered: one relying
from interaction with the real system and another leveraging the digital twin. These are
defined as follows

a◦,k = π◦(o◦,k | θπ,◦), (4)
a•,k = π•(o•,k | θπ,•), (5)

In general, the two policies need not coincide. For instance, one could choose π◦ to be a
structured model-based controller (e.g., LQR, MPC), while letting π• denote an artificial
neural network trained via reinforcement learning. In the remainder, we streamline the
exposition by focusing on the case in which these two policies are represented by the same
function, a setting that admits a substantially broader spectrum of possible interaction
mechanisms during their joint synthesis.

Parallel Twin Rollouts. The twin might be used to evaluate both the model-free
and the model-based policies. This means that at each time step this can be evolved
under both candidate actions, hence giving rise to two virtual trajectories:

s◦◦,k+1 = F◦(s◦◦,k, zk, a◦◦,k = π◦(h◦(s◦◦,k) | θπ,◦) | pk), (6)
s◦•,k+1 = F◦(s◦•,k, zk, a◦•,k = π•(h◦(s◦•,k) | θπ,•) | pk) . (7)

Computing for each of these the reward RA,◦ allows to evaluate the quality of the two
policies according to the digital twin; we return to the reward definition in the following
section. It is worth stressing that only one of the two actions is actually applied to the
real system (1) according to the referee mechanism described below. Therefore, only the
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rollout associated with the action applied to the real world can be expected to be aligned
with the physical evolution and thus used to compute tracking errors and the digital twin
performance.

Referee Mechanism (Live vs. Idle Policy). At the beginning of each episode,
the referee identifies the policy that will interact with the real system and thus define the
actions in (1). Many options are possible and deserves detailed investigation. Similarly to
Schena et al. (2024); Poletti et al. (2025), the approach presented in these notes considers

ak = Π(e)
(
π•(o•,k | θπ,•), π◦(o•,k | θπ,◦) | I(e)

)
, (8)

where I(e) denotes supervisory information such as safety constraints, confidence mea-
sures, or predicted performance. In this formulation the selected policy is applied to
real observations and remains active for the full episode. Alternative strategies may allow
step-wise switching or arbitration based on virtual states or state-estimation outputs. The
non-selected policy remains idle with respect to the plant but continues to be evaluated
within the twin. The overall idea is to allow for the possibility that, during the policy
identification one of the

The rationale behind maintaining two policies in parallel is that the idle policy, al-
though not interacting directly with the real system, continues to improve through twin
rollouts and indirect information. When its predicted or observed performance exceeds
that of the live policy, the referee can promote it to govern the plant. This virtuous loop,
in which the learner may eventually surpass the master, was observed in Schena et al.
(2024).

4.2 Learning Objectives and Parameter Updates
The current reinforcement twinning framework is formulated in an episodic setting. Over
an episode involving nt iterations (assumed for simplicity to be equally spaced in time),
the real system generates a sequence of observations {o•,k}nt

k=1 under the applied action
sequence {ak}nt

k=1 selected by the referee according to the unknown dynamics (1) and
driven by a realized disturbance sequence {zk}nt

k=1. In parallel, the digital twin generates
the two virtual trajectories (6)–(7).

Digital Twin cost functional. Denoting by ⋆ ∈ {◦, •} the index of the live policy
selected at the beginning of the episode, and by {s◦⋆,k}nt

k=1 the twin trajectory computed
using the same applied actions and disturbance inputs, the identification cost for a single
episode is defined as

J (e)
T (θp | θπ,◦, θπ,•) =

nt∑
k=0

ℓpred

(
o•,k, o◦,k(θp)

)
, (9)

where o◦,k = h◦(s◦⋆,k) and ℓpred(·) measures the prediction error. If the disturbance se-
quence is not directly measurable, a disturbance model must be introduced (e.g. via esti-
mation or data assimilation), and the expected identification objective over a disturbance
distribution z ∼ Z may be considered.

The training of the digital twin aims to minimize this cost. Hence twin parameter
updates take the form

θp ← Up

(
θp,JT ,DT

)
, (10)
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where DT denotes the dataset used for identification. To increase the learning stability
this could consist of a large set of transitions D(e)

T = {o•,k, ak, zk}nt
k=1. collected at each

episode, hence

DT =
Ne⋃
e=1
D(e)

T ,

Sampling from this dataset allows for stochastic gradient updates and mitigation of catas-
trophic forgetting, in complete analogy with the memory buffer mechanism employed in
actor-critic reinforcement learning.

Policy Reward functionals. At the same time, the acting policies are driven by
accumulated rewards reflecting control performance. Denoting as r(s, a) the stage reward
encoding encode regulation quality, tracking accuracy, energy efficiency, constraint sat-
isfaction, or economic performance, the cumulative reward driving the model-free policy
search is

RA,• =
nt−1∑
k=0

r
(
s•,k, ak

)
. (11)

This drives the update of the model-free policy parameter

θπ,• ← Uπ,•
(
θπ,•,RA,•,D•

)
, (12)

with transitions obtained from the memory buffer

D• =
{
(o•,k, ak, rk, o•,k+1)

}Ntot

k=1
, (13)

where Ntot denotes the total number of collected transitions across episodes on the real
system. Note that the model-free update is carried out using data from the real sys-
tem regardless of whether the interaction is provided by the model-free or the model
based policy; this is one of the main mechanism of interaction between the two policy
search methods. Similarly, the cumulative reward driving the model-based policy search
is computed from the “white rollout” in (6), i.e.

RA,◦ =
nt−1∑
k=0

r
(
s◦◦,k, a◦,k

)
. (14)

Policy parameters are updated according to

θπ,◦ ← Uπ,◦
(
θπ,◦,RA,◦,D◦

)
, (15)

where D◦ denotes the virtual transition buffer generated by the twin rollouts,

D◦ =
{
(o◦,k, a◦,k, r◦,k, o◦,k+1)

}N◦

k=1
, (16)

with r◦,k = r(s◦◦,k, a◦,k).
In contrast to D•, which collects real transitions, the buffer D◦ is generated entirely

within the digital twin and may be expanded arbitrarily at negligible cost.
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5 Current Reinforcement Twinning Schemes
The structural elements introduced in the previous section define a general Reinforcement
Twinning architecture that is independent of the specific algorithms used in each block.
The separation between real environment, digital twin, policy update, and shared learning
feedback provides a modular framework in which different identification and control tools
can operate coherently.

In practice, the closure update driven by JT may rely on any nonlinear identification
method, while maximization of RA,◦ typically exploits analytic structure available inside
the twin (e.g. linearization-based synthesis, adjoint methods, or MPC). In parallel, max-
imization of RA,• may be performed using model-free approaches such as policy search,
actor–critic methods, or Bayesian optimization. Improvements in RA,◦ provide inexpen-
sive but potentially biased guidance on operational performance, whereas RA,• provides
reliable feedback from the real system, possibly revealing behaviors beyond the model
formulation, albeit at the cost of a large number of interaction with the real system. The
central design question is therefore how structured model-based updates and data-driven
updates should be integrated so as to exchange information in a mutually supportive
manner.

In this section, we focus on the modeling-to-control regime, in which improvements
in RA,⋆ are guided by the predictive structure of the twin and interaction with the real
system while JT maintains consistency with reality. The reverse control-to-modeling
regime, where actions are selected to accelerate reduction of JT , is only briefly outlined.
We restrict attention to a single reinforcement twinning unit and postpone collective
feedback mechanisms to a later discussion. Two approaches are considered: one blending
optimal control with actor–critic learning (Sec. 5.1) and the other based on multi-fidelity
policy search (Sec. 5.2).

In both schemes, closure identification (minimization of JT ) and model-based policy
improvement (maximization of RA,◦) are carried out using the adjoint-based formalism
introduced in Lecture 5. Gradients with respect to closure and policy parameters are
obtained through the twin dynamics and are therefore not discussed further. The dis-
tinguishing elements lie instead in (i) how the model-free policy associated with RA,• is
constructed, and (ii) how it interacts with the model-based branch.

5.1 Adjoint Optimal Control and Actor–Critic Learning
5.1.1 Formulation for the model free search

The formulation presented in this section is the one originally introduced in Schena et al.
(2024) and refined in Poletti et al. (2025). In this setting the model-free search for the
policy is carried out using the Deep Deterministic Policy Gradient (DDPG) algorithm
Lillicrap et al. (2015), augmented with Prioritized Experience Replay (Schaul et al., 2015).
This method falls into the actor–critic reinforcement learning formalism (Grondman et al.,
2012), hence combining the ideas introduced in Section 5 of Lecture 5: the algorithm trains
both a critic (i.e. a model seeking to approximate the state–action value function Q) and
an actor (that is, a policy) mapping states to actions. Both are typically parametrized
using artificial neural networks.
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Parametrization. The actor is represented as a deterministic policy

a•,k = π•(o•,k | θπ,•), (17)

where θπ,• denotes the weights of the neural network. The critic approximates the action–
value function

Q(o, a; θQ), (18)
where θQ collects the weights of the critic network.

Critic update (Bellman regression). A replay buffer (memory) is used to store
transitions

(o•,k, ak, rk, o•,k+1) .

The critic is then trained by minimizing the Bellman residual on the collected transitions

LQ(θQ) = 1
N

∑
k

(Q(o•,k, ak; θQ)− yk)2 , (19)

where the target is defined as

yk = rk + γ Q
(
o•,k+1, π•(o•,k+1 | θtarg

π,• ); θtarg
Q

)
. (20)

Here θtarg
π,• and θtarg

Q denote target-network parameters that evolve slowly according to

θtarg ← τ θ + (1− τ) θtarg, 0 < τ ≪ 1, (21)

which improves numerical stability by reducing oscillations in the Bellman targets.

Sampling the next θπ,• Once the critic approximates Q, the actor is updated following
a stochastic gradient descent approach like ADAM (see lecture 5). Using a batch of size
N , the gradient can be computed as

∇θπ,•RA,• ≈
1
N

∑
k

∇θπ,•π•(o•,k)∇aQ(o•,k, a; θQ)
∣∣∣∣
a=π•(o•,k)

. (22)

The update follows the deterministic policy gradient introduced in previous lectures
and avoids direct differentiation through the system dynamics. The gradient based update
has the same structure for the model based policy, which follows the adjoint based formal-
ism introduced in lecture 5. That is, the virtual reward RA,◦ (14) is differentiated through
the twin dynamics s◦,k+1 = F◦(s◦,k, zk, a◦,k; θp), leading to the gradient expression

∇θπ,◦RA,◦ =
nt−1∑
k=0

∂Hk

∂a◦,k

∂π◦(o◦,k)
∂θπ,◦

, (23)

where the discrete Hamiltonian is defined as

Hk = r(s◦,k, a◦,k) + ξ⊤
k+1F◦(s◦,k, zk, a◦,k; θp),

and the adjoint variables ξk evolve backward in time according to

ξk = ∂r

∂s◦,k

+
(

∂F◦

∂s◦,k

)⊤

ξk+1, ξnt = 0, (24)
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as detailed in Lecture 5.
Since both branches ultimately produce gradients with respect to policy parameters,

and both are typically optimized using batched stochastic optimizers (e.g. ADAM), their
updates possess a remarkable structural symmetry which can be used for simple interac-
tions within the reinforcement twinning architecture, for example exchanging or combining
gradient updates, produce weight cloning or policy transfer between branches (see Schena
et al. (2024)). To ensure sufficient exploration (which is critical for the value function
learning!), noise is injected in the policy output during data collection,

a•,k = π•(o•,k | θπ,•) + εk,

with εk typically sampled from an Ornstein–Uhlenbeck or Gaussian process.
Experience Replay and Prioritization. Transitions are stored in a replay buffer

and sampled in mini-batches to decorrelate data and improve sample efficiency. In prior-
itized replay (Schaul et al., 2015), transitions are sampled with probability proportional
to their temporal-difference error, thus concentrating learning effort on informative ex-
periences. For implementation details and design choices in the reinforcement twinning
context, the reader is referred to Lillicrap et al. (2015); Schena et al. (2024); Poletti et al.
(2025).

5.1.2 Reciprocal Reinforcement of Model-Based and Model-Free Policies

The interaction between the two policy branches occurs through the executed trajectories
and the replay buffer. At each time step the referee selects one of the candidate actions,

ak ∈ {a◦,k, a•,k},

thereby determining the state–action distribution dπ(s, a) visited in the real system. The
resulting transitions (ok, ak, rk, ok+1) populate the replay buffer B and therefore define
the sampling measure under which the critic and actor updates are computed.

When the model-based policy π◦ dominates execution, B ∼ dπ◦ , and the critic loss

LQ = EB
[
(Q− y)2

]
trains Q primarily on transitions generated by π◦. The actor gradient update (22) is
therefore shaped by a value landscape induced by the model-based branch. In this sense
the model-free policy is driven by demonstration: it initially tracks π◦ through value
shaping and may subsequently surpass it as the critic generalizes beyond demonstrated
actions.

Conversely, when the model-free policy dominates execution, B ∼ dπ• , the visited state
distribution allows for more exploration and the model-based policy search is carried out
in the state space explored by π•. This prevents the model driven and adjoint-based
search from being confined to narrow regions of the state space.

A further level of exchange is enabled by the symmetry of the policy update, which
offers multiple mechanisms to escape local minima and to compensate for biased gradient
information. The idea is to exploit the structural equivalence between the two learning
loops: the critic approximates the value landscape that drives the model-free actor, just
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as the digital twin provides the performance landscape that drives the model-based actor:
the critic is to the model-free actor what the digital twin is to the model-based actor.

Therefore, on model-based side, one could introduce critic-induced gradients for the
model-based policy, i.e.

∇θπ,◦R
Q
A,• ≈ E

[
∇θπ,◦π◦(o)∇aQ(o, a; θQ)

∣∣∣∣
a=π◦(o)

]
. (25)

This has the same deterministic policy-gradient structure as the model-free update but
is evaluated on the model-based policy parameters. It injects directional information ex-
tracted from real-world transitions into the model-based adjoint-based branch, thereby
correcting possible biases in the twin-induced gradient field. By symmetry, the adjoint-
based gradient computed within the twin, can be evaluated on the model-free parametriza-
tion, i.e.

∇θπ,•RA,◦ =
∑

k

∇θπ,•ak
∂Hk

∂ak

, (26)

thus providing a physics-informed descent direction for the model-free actor.
This gradient is typically smoother and less noisy than the critic-based estimate and

may therefore act as a structural regularizer of the model-free update.
A hybrid update may then be defined as

∇θπ,◦Rhybrid = (1− η)∇θπ,◦RA,◦ + η∇θπ,◦R
Q
A,•, (27)

where η ∈ [0, 1] controls the influence of real-world value information on the model-based
update. For η = 0, the update reduces to the pure adjoint-based descent driven entirely
by the twin. For η = 1, the model-based policy follows exclusively the critic-induced
gradient, effectively aligning its update direction with the real-data value landscape. In-
termediate values interpolate smoothly between these two regimes. This bidirectional
gradient exchange result in a coupled ascent system in which real-data value information
and physics-based structure mutually constrain and enhance each other.

Finally, in the most intrusive scenario, if one branch becomes completely stalled or
unstable, a reset mechanism may be activated whereby the parameters themselves are
swapped or cloned,

θπ,◦ ← θπ,• or θπ,• ← θπ,◦,

thus restoring symmetry and allowing learning to resume from a more favorable region of
policy space.

Refereeing Mechanism Only one action can be applied to the real system at each
time step, ak = Πk(π◦(ok), π•(ok)) , and the referee determines which branch governs
exploration and memory filling.

Two fundamentally different arbitration principles may be considered.
(i) Model-based arbitration (twin-driven). Since both candidate policies can be evalu-

ated inside the digital twin, the referee may compare their predicted cumulative rewards,
R(◦)

A,◦ and R(•)
A,◦, obtained by rolling out π◦ and π• within the twin. The live action is then

selected as

ak =

π◦(ok), R(◦)
A,◦ ≥ R

(•)
A,◦,

π•(ok), otherwise.
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This is the strategy adopted in Schena et al. (2024); Poletti et al. (2025): arbitration
is based entirely on the predictive model and is reliable only insofar as the digital twin
provides sufficiently accurate performance estimates.

(ii) Value-based arbitration (critic-driven). Alternatively, the referee may rely on the
critic and compare predicted state–action values,

∆Qk = Q(ok, π•(ok))−Q(ok, π◦(ok)).

The policy associated with the larger Q value is selected. This approach bases arbitration
on real-data value estimates rather than model predictions and is reliable only if the
value-function approximator provides sufficiently accurate evaluations.

(iii) Confidence-weighted blending. Since the critic provides a temporal-difference error
signal and the twin provides model-based sensitivity information, the referee may combine
both actions using a confidence weight,

ak = (1− ζk) π◦(ok) + ζk π•(ok), (28)

where ζk ∈ [0, 1] may depend on relative value predictions, critic uncertainty, or prediction
error of the twin. In the limit ζk = 0 the system is fully model-based; for ζk = 1 it is fully
model-free.

(iv) Value-gap driven arbitration. A more structured rule relies on the value difference

∆Qk = Q(ok, π•(ok))−Q(ok, π◦(ok)), (29)

and activates the model-free policy only when this gap exceeds a prescribed threshold.
This prevents premature takeover due to critic noise and stabilizes policy switching.

In all cases, the referee acts not merely as a switch but as a distribution-shaping
mechanism: by selecting which policy generates real transitions, it determines how the
replay buffer is populated and ultimately which gradients dominate subsequent learning.

Degenerate limit for perfect twin If the twin captures all the relevant dynamics and
the closure parameters converge to θ⋆

p such that

F◦(s, z, a; θ⋆
p) = F•(s, z, a)

for all admissible states and actions, then for any policy π,

RA,◦(π) = RA,•(π),

and the adjoint gradient satisfies

∇θπ,◦RA,◦ = ∇θπ,◦RA,•.

In this regime the model-based gradient is exact, the referee becomes inactive, and the
architecture collapses to classical adjoint-based optimal control. The model-free branch
adds no new information and eventually aligns with the model-based solution. This proves
the consistency property: the modeling to control operation of reinforcement twinning
should reduce to classical model-based control when the model is perfect.
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A note on the "control to modeling operation" A control-to-modeling regime may
be obtained by redefining the stage reward as

rk = − ℓpred
(
o•,k, o◦,k

)
, (30)

so that the cumulative reward satisfies RA = −JT . In this case the critic approximates

Q(ok, ak) ≈ E
[
−

nt∑
t=k

ℓpred

]
, (31)

and therefore encodes the expected future reduction of model mismatch.
The deterministic policy gradient driving the actor becomes

∇θπRA ≈ E [∇θππ(o)∇aQ(o, a)] ≈ −E
[
∇θππ(o) ∂JT

∂a

]
, (32)

so that action selection is indirectly driven by the sensitivity of the twin mismatch with
respect to control inputs.

At the same time, the closure parameters are updated via the adjoint gradient

∇θpJT =
∑

k

∂ℓpred

∂o◦,k

∂o◦,k

∂θp

. (33)

Hence both the actor and the twin updates act on the same functional JT , but along
complementary directions: the actor modifies the trajectory through ∂JT /∂a, while the
adjoint modifies the model through ∂JT /∂θp.

The reinforcement loop therefore shapes the distribution of visited states in order
to influence the modeling gradient itself, providing the bidirectional interaction between
control and modeling that characterizes reinforcement twinning.

5.2 Multi-Fidelity Policy Search
We now consider a scheme in which the two policy branches shown in Figure 4 com-
municate through a multi-fidelity probabilistic model of the operational reward. The
first steps of this formulation were tested within the research master project of Yannick
Lecomte (Lecomte et al., 2024, 2025). A generalization is currently under development
and the general ideas are shared in these notes.

In this formulation we assume that the digital twin provides inexpensive evaluations of
the virtual reward RA,◦(θπ) over a wide range of policy parameters, while the real system
produces sparse but reliable evaluations ofRA,•(θπ). These two signals may be interpreted
as low- and high-fidelity observations of the same underlying performance landscape. This
implies that the same policy parametrization is used for both the model-based and the
model-free control policies. We thus use θπ ∈ Rnπ to denote a generic policy parameter
vector.

Within this interpretation, the twin-supported policy π◦ generates a large set of virtual
samples which we collect in a matrix

Θ◦ =
[
θ◦

π,1, . . . , θ◦
π,n◦

]
∈ Rnπ×n◦ ,
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Similarly, we dispose of a set of candidate policies obtained while interacting with the
real system stored in the matrix

Θ• =
[
θ•

π,1, . . . , θ•
π,n•

]
∈ Rnπ×n• ,

The rewards observe in the digital twin in the first case and in the real system in the
second are collected in the reward vectors

r◦ =
[
RA,◦(θ◦

π,1), . . . ,RA,◦(θ◦
π,n◦)

]⊤
∈ Rn◦ ,

r• =
[
RA,•(θ•

π,1), . . . ,RA,•(θ•
π,n•)

]⊤
∈ Rn• , n• ≪ n◦.

5.2.1 Formulation for the model free search

The identification of the next best sample location can be carried out under two scenarios.
(1) Pure model-free search (no trust in the twin). If the digital twin is deemed un-

reliable for policy improvement, only the high-fidelity dataset (Θ•, r•) is used to build a
single-fidelity surrogate of RA,•. This is exactly the framework introduced in Lecture 4.
Denoting by

K• = k•(Θ•, Θ•) + σ2
•I ∈ Rn•×n• , k•(θπ) = k•(θπ, Θ•) ∈ Rn• ,

with κ•(·, ·) the kernel function associated with the sampling from the real system,
conditioning produces the predictive model

µ•(θπ) = k•(θπ)⊤K−1
• r•, (34)

σ2
•(θπ) = k•(θπ, θπ)− k•(θπ)⊤K−1

• k•(θπ). (35)

The next θπ,• is then selected by maximizing an acquisition functional (e.g. Expected
Improvement) built from (µ•, σ•).

(2) Multi-fidelity policy search (partial trust in the twin). If the twin is considered
informative but biased, its evaluations are used as low-fidelity data to reduce the num-
ber of real experiments. We then use both datasets (Θ◦, r◦) and (Θ•, r•) and adopt a
multifidelity model. For example the autoregressive multi-fidelity model by Kennedy and
O’Hagan (1998) (see also Gratiet (2013)) proposes a relation

RA,•(θπ) = ρRA,◦(θπ) + δ(θπ), (36)

where ρ is a scalar scaling factor and δ(θπ) captures systematic discrepancy. Both the
low-fidelity reward and the discrepancy models are modelled as uncorrelated Gaussian
process

RA,◦ ∼ GP
(
0, k◦(·, ·)

)
, and δ ∼ GP

(
0, kδ(·, ·)

)
, RA,◦ ⊥ δ ,

where the kernel functions k◦(θ, θ′) and kδ(θ, θ′) define the covariance structure in policy
space. Evaluation of the kernel functions over the sampled inputs Θ◦ and Θ• induces the
finite-dimensional covariance matrices required for conditioning.

Introducing the covariance matrices

K◦◦ = k◦(Θ◦, Θ◦) ∈ Rn◦×n◦ ,
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K•• = k◦(Θ•, Θ•) ∈ Rn•×n• ,

K◦• = k◦(Θ◦, Θ•) ∈ Rn◦×n• , K•◦ = K⊤
◦•,

Kδδ = kδ(Θ•, Θ•) ∈ Rn•×n• .

The joint covariance matrix of the observed reward vector
[
r◦
r•

]
is therefore

K =
[
K◦◦ + σ2

◦I ρ K◦•

ρ K•◦ ρ2K•• + Kδδ + σ2
•I

]
∈ R(n◦+n•)×(n◦+n•). (37)

To query the autoregressive model for a new candidate policy parameter vector θπ we
further define

k◦(θπ) = k◦(θπ, Θ◦) ∈ Rn◦ , k•(θπ) = k◦(θπ, Θ•) ∈ Rn• ,

kδ(θπ) = kδ(θπ, Θ•) ∈ Rn• .

The cross-covariance vector becomes

k∗(θπ) =
[

ρ k◦(θπ)
ρ2 k•(θπ) + kδ(θπ)

]
∈ Rn◦+n• ,

and the prior variance at the query point is

k∗∗(θπ) = ρ2k◦(θπ, θπ) + kδ(θπ, θπ).

Therefore, conditioning the auto-regressive model on the available data gives the multi-
fidelity posterior model

µMF
• (θπ) = k∗(θπ)⊤K−1

[
r◦
r•

]
, (38)

σ2,MF
• (θπ) = k∗∗(θπ)− k∗(θπ)⊤K−1k∗(θπ). (39)

The next parameter θπ,• is then selected by maximizing an acquisition functional con-
structed from (µMF

• , σMF
• ), thereby exploiting the twin to guide exploration while allowing

high-fidelity data to correct systematic bias.
As in the single-fidelity case, the dominant computational cost arises from inversion

(or factorization) of the covariance matrix; numerical strategies for efficient sequential up-
dates, including rank-one Cholesky updates, were discussed in Lecture 4. Similarly, the
optimization of the kernel hyperparameters (e.g. length scales, variances, and the scaling
factor ρ in the multi-fidelity case) is carried out using standard maximum marginal likeli-
hood estimation, as discussed in Lecture 4. In the multi-fidelity setting this corresponds
to maximizing the joint log-marginal likelihood associated with the covariance matrix K.
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5.2.2 Reciprocal Reinforcement of Model-Based and Model-Free Policies

While the digital twin clearly accelerates the model-free exploration by providing inexpen-
sive low-fidelity samples, the reverse interaction is equally important. The multi-fidelity
posterior µMF

• (θπ) may be interpreted as an improved estimate of the real operational re-
sponse, corrected by experimental evidence. Instead of optimizing the model-based policy
exclusively with respect to the virtual reward RA,◦, one may update θπ,◦ by maximizing
the corrected surrogate µMF

• , possibly penalized by its associated uncertainty:

θπ,◦ ← arg max
θπ

(
µMF

• (θπ)− ξ σMF
• (θπ)

)
, (40)

where ξ ≥ 0 controls risk aversion.
Such a strategy effectively injects high-fidelity information into the model-based loop.

To avoid unstable extrapolation in poorly sampled regions of parameter space, this update
may be restricted to trust regions where σMF

• remains below a prescribed threshold

σMF
• (θπ) ≤ σ̄, (41)

or regularized through a quadratic penalty ∥θπ − θref
π ∥2.

In this manner, experimental data does not merely validate the twin but actively
reshapes the objective landscape perceived by the model-based optimizer.

Refereeing Mechanisms In the multi-fidelity formulation the referee acquires a richer
role than in the formulation in Section 5.1. Besides selecting which policy branch provides
the live action, it now has access to a probabilistic description of the expected operational
performance through the posterior quantities µMF

• (θπ) and σMF
• (θπ). These quantities

encode also a measure of epistemic uncertainty inherited from the joint low- and high-
fidelity datasets.

This additional information enables several forms of arbitration. First, the referee
may select between π◦ and π• based on risk-adjusted criteria, privileging the branch
whose predicted reward remains favorable under uncertainty.

A simple risk-adjusted decision rule consists in comparing

S◦ = RA,◦(θπ,◦)− β◦ σMF
• (θπ,◦), S• = µMF

• (θπ,•)− β• σMF
• (θπ,•), (42)

and selecting the branch with the larger score. More generally, the applied action may be
blended,

ak = (1− αk) a◦,k + αk a•,k, (43)

where the mixing coefficient may depend on relative confidence, e.g.

αk =
σ2

◦,k

σ2
◦,k + σ2

•,k

, (44)

in analogy with Kalman-type gain formulas. In this interpretation the referee becomes a
probabilistic fusion layer rather than a purely logical switch.
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Degenerate limit for perfect digital twin If the digital twin becomes highly accu-
rate, the discrepancy process δ(θπ) approaches zero and the scaling factor ρ approaches
unity. In that regime, the high-fidelity observations (Θ•, r•) and the low-fidelity obser-
vations (Θ◦, r◦) effectively describe the same performance landscape. The multi-fidelity
posterior then collapses to a single-fidelity surrogate driven predominantly by the twin and
the entire reinforcement twinning structure effectively reduces to optimizing a prescribed
parametric controller against a reliable model. In that regime, maintaining a separate
model-free search becomes unnecessary, and the framework consistently degenerates into
classical model-based control. This proves the consistency property.

A note on the "control to modeling operation" The multi-fidelity surrogate also
provides a mechanism to couple policy exploration with refinement of the twin parameters
θp appearing in the prediction cost JT . Rather than selecting policies exclusively to
maximize operational performance, one may deliberately choose parameter configurations
that are informative for the identification of the digital twin.

A first mechanism relies on the discrepancy signal

∆(θπ) = RA,•(θπ)− ρRA,◦(θπ), (45)

which identifies regions of policy space where the twin fails in performance-relevant ways.
Policies that induce large |∆| correspond to trajectories along which the model error is
structurally significant. Such policies may be prioritized to generate data that accelerate
the minimization of JT (θp) through the adjoint-based update of θp.

A second mechanism exploits the uncertainty encoded in the surrogate. Instead of
defining JT directly as a function of the reward, one may use the surrogate variance as a
proxy for modeling uncertainty and select

θinfo
π = arg max

θπ

σMF
• (θπ), (46)

subject to safety constraints. The data collected under such policies enrich the dataset
(Θ•, r•) in regions where the twin is uncertain, thereby reshaping the landscape of JT

and improving the subsequent estimation of θp.
More generally, a composite objective may be considered,

max
θπ

µMF
• (θπ)− ξ JT (θp) + γ σMF

• (θπ), (47)

where ξ and γ balance operational performance, model consistency, and information gain.

6 A tutorial test case: stabilization of a Floating
Wind Turbine (FWT)

General Context . Wind energy is increasingly shifting offshore, where water depths
exceed the limits of fixed-bottom structures and floating wind turbines (FWT) become
necessary. The dynamics of a FWT are dominated by strong coupling between wave-
induced platform motions and rotor aerodynamics (Jonkman, 2007; Stockhouse et al.,
2022), leading to well-known instabilities such as negative damping (Larsen and Hanson,
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2007; Lackner, 2009; Karikomi et al., 2015). While many advanced control strategies
exist—model predictive control (MPC) (Chaaban and C-P., 2014), platform actuation
(Stockhouse et al., 2022), structural damping (Namik et al., 2013), or H∞ control (Li and
Gao, 2015)—they typically rely on simplified models whose validity degrades in strongly
off-design conditions.

The challenge is intrinsically difficult because the turbine is subject to stochastic dis-
turbances arising from both wind and waves, while the available actuation authority in
conventional designs remains limited to blade pitch and generator torque, unless more so-
phisticated concepts such as active ballast systems or controlled mooring-line tension are
introduced. We assume in this tutorial that the floating wind turbine does not dispose of
such additional devices and that stabilization must rely solely on blade pitch and genera-
tor torque. As we will see, a classical land-based control strategy—designed primarily for
power maximization—can induce large oscillations of the floating platform and significant
load fluctuations.

The problem studied here is a drastic simplification of real floating wind turbine
physics. Actual systems feature coupled aero-hydro-servo-elastic dynamics with many
structural modes, nonlinear hydrodynamics, wake interactions, and complex sensing and
actuation. The goal of this tutorial is not to reproduce this complexity, but to construct a
minimal dynamical model that still captures the key aspects of the stabilization problem.
In this controlled setting, we fairly compare three approaches: a fully model-based strat-
egy, a fully model-free reinforcement learning strategy, and the reinforcement twinning
framework introduced in this chapter.

The aim is pedagogical: to build intuition about how hybrid model-based/model-free
methods behave in a coupled, disturbed dynamical system and to evaluate their strengths
and weaknesses in a controlled yet representative scenario.

Problem set and simulated "real" environment. The configuration of interest is il-
lustrated in Figure 5. It consists of a floating wind turbine mounted on a semi-submersible
platform. The turbine has a rotor of radius R rotating at angular velocity Ω and a tower
of height Ht. This is subjected to an incoming wind flow with hub-height velocity v∞, as
well as to incoming waves (assumed to arrive with zero incident angle), denoted by ηwaves.

In general, a floating platform possesses six rigid-body degrees of freedom: surge,
sway, and heave (translations), and roll, pitch, and yaw (rotations). In this tutorial, we
restrict attention to a single dominant degree of freedom, namely the pitch motion of
the platform about its center of gravity (C.G.). This simplification captures the primary
aero–hydro coupling mechanism responsible for negative damping effects, while keeping
the dynamical model minimal.

The aerodynamic forces generated by the rotor produce an overall thrust force Taero,
acting approximately along the rotor axis, and an aerodynamic torque τaero acting on the
low-speed shaft. The generator applies an opposing torque τg, while blade pitch control
modifies the aerodynamic loading through the pitch angle β.

For modelling purposes, the distributed aerodynamic loading along the blades is rep-
resented by an equivalent resultant thrust force Taero acting at hub height. This resultant
force generates a pitching moment about the platform C.G., thereby exciting the pitch
motion. The corresponding pitch angle, angular velocity, and angular acceleration are
denoted by θ, θ̇, and θ̈, respectively.
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Figure 5: Configuration of interest and relevant variables.

The pitch dynamics of the floating platform are modeled as a second–order nonlinear
equation:

Jpθ̈ + Dθ̇ + Dv|θ̇|θ̇ + Kθ = HtTaero + τwaves, (48)
where Jp denotes the total rotational inertia about the pitch axis (including platform,
turbine and added hydrodynamic inertia), D and Dv represent linear and quadratic hy-
drodynamic damping, and K is the hydrostatic restoring stiffness accounting for buoyancy
and mooring effects. The aerodynamic thrust generates a pitching moment through the
lever arm Ht, while τwaves represents the external excitation due to waves.

Neglecting drivetrain dynamics and blade aeroelasticity, the rotor speed evolves ac-
cording to

Ω̇ = 1
Jrot

(τaero − τg) , (49)

with Jrot the rotor inertia.
The aerodynamic torque is modeled using the power coefficient Cp as

τaero = 1
2ρA

Cp(ξ, β)
Ω v3, (50)

where ρ is the air density, A = πR2 is the rotor swept are, ξ = ΩR/v is the tip-speed
ratio, and β is the blade pitch angle. Similarly, the aerodynamic thrust is obtained from
the thrust coefficient CT as:

Taero = 1
2ρACT (ξ, β)v2. (51)

For a floating turbine, the effective wind speed seen by the rotor is modified by the
platform motion:

v = v∞ −Htθ̇. (52)
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This kinematic coupling introduces an additional feedback between the aerodynamic and
hydrodynamic subsystems and is the key mechanism responsible for potential negative
damping. Both Cp and CT are typically obtained using Blade Element Momentum Theory
(BEMT). The ones used in this tutorial are shown in Figure 6. These were obtained with
the CCBlade solver (Abbas et al., 2022) on a grid of values of β and ξ. The data on the
grid were used to fit a surrogate model using ridge regression combining Gaussian radial
basis functions (RBFs) in ξ and a polynomial basis in β as described in (Randino et al.,
2026). This surrogate model is faster to evaluate than a local interpolator.

For the purposes of this exercise, we assume that the surrogate model for the Cp and
CT are accurate, that is the turbine dynamics is perfectly known.
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Figure 6: Contour plots of the power coefficient Cp(λ, β) and the thrust coefficient CT (λ, β)
for the turbine considered.

The actuator dynamics for blade pitch and generator torque are modelled as first-
order systems, such that the commanded inputs (βc, τg,c) are not applied instantaneously.
Specifically,

β̇ = 1
τβ

(
βc − β

)
, τ̇g = 1

ττg

(
τg,c − τg

)
, (53)

where τβ and ττg are time constants representing the bandwidth of the pitch and torque
actuators.

Both the inflow velocity and the wave excitation signals are modeled as Gaussian
processes (GPs), such that

xi(t) ∼ GP
(
µi(t), κi(t, t′)

)
, (54)

where µi(t) denotes the mean function and κi(t, t′) is the covariance kernel defined
above, whose white-noise contribution σ2

n,iδ(t − t′) ensures that sampled realizations are
noisy. This follows the framework introduced in Tutorials 2 and 3 of Lecture 5. The
stochastic structure of both processes relies on a common two-scale covariance kernel,
which captures variability occurring at two distinct temporal scales.

The two-scale kernel is defined as

κ2-scales
i (t, t′) = σ2

i,1 exp
(
−(t− t′)2

2 ℓ2
i,1

)
+ σ2

i,2 exp
(
−(t− t′)2

2 ℓ2
i,2

)
+ σ2

n,i δ(t− t′), i ∈ {w, η},

(55)
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where σi,1 and σi,2 denote the amplitude parameters associated with the two characteristic
time scales ℓi,1 and ℓi,2, respectively, and σ2

n,i represents the variance of the white-noise
component. The term δ(·) denotes the Dirac delta function. The index i = w refers to
the wind generation case, whereas i = η corresponds to the wave excitation case.

While the wind generator only rely on a two-scale kernel, the wave case adds the
contribution of an harmonic kernel, defined as

κη(t, t′) = κ2-scales
η (t, t′) + σ2

h exp
(
− 2

ℓ2
H

sin2
(

π(t− t′)
Tη

))
, (56)

where σh controls the energy of the oscillatory component, Tw denotes the dominant wave
period, and ℓH characterizes the temporal coherence of the wave train.

This formulation ensures that both processes share a common multi-scale stochastic
backbone, while the wave model additionally captures the narrow-band periodic structure
inherent to ocean wave dynamics.

The selected Gaussian-process model enables faster generation of stochastic incoming
disturbances than more realistic sea-state descriptions based on wave spectra (e.g. the
JONSWAP spectrum in Mazzaretto et al. (2022)).

The kernel (56) is used to produce signals of wave elevation ηw(t). From these, the
wave torque applied to the platform can be estimated by convolving ηw(t) with the hy-
drodynamic wave-excitation impulse response, typically computed for the floater using
potential-flow BEM solvers (Robertson et al., 2014). For the purposes of this exercise, we
omit these details and assume that the controller can be informed by the incoming waves
and compute from these the associated moments τwaves forcing the platform in (48).

Selected Conditions The selected wind turbine for this exercise is the NREL 5 MW
reference model (Jonkman et al., 2009), characterized by a rotor radius of R = 63 m and
a rotor inertia of Jrot = 1.16 × 105 kg m2. The system reaches its rated operating point
at a wind speed of v(r)

∞ = 11.4 m/s, which corresponds to a rated low-speed-shaft (LSS)
rotor speed of Ω(r) = 1.27 rad/s. The generator torque τg is also expressed on the same
shaft, allowing the elimination of the gearbox ratio from the system of equations.

The reduced one-degree-of-freedom pitch model of the platform, as described by
Eq. (48), is parameterized with values representative of an OC4-type semi-submersible
(Robertson et al., 2014). These coefficients capture the total inertia, combined hydrody-
namic damping, and hydrostatic restoring properties of the system:

J = 1.5× 107 kg m2,

D = 2.0× 106 N m s/rad,

Dv = 5.0× 105 N m s2/rad2,

K = 1.2× 107 N m/rad.

The actuator dynamics for blade pitch and generator torque in (53) are bounded by
physical rate limits and magnitude saturation. For the system considerd in this exercise,
these limits are

β ∈ [0◦, 90◦], |β̇| ≤ 8◦/s,
τg ∈ [0, 43.1 kNm], |τ̇g| ≤ 15 kNm/s,
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The turbulent wind field excitation signal (i = w) is generated using the kernel pa-
rameters [σw,1, σw,2, σn,w] = [1, 0.5, 0.1] m2/s2, [ℓw,1, ℓw,2] = [20, 0.5] s. The signal has a
mean of µw = 12 m/s, ensuring to be above the rated wind speed v(r)

∞ .
For the wave case (i = η), the kernel is defined by [ση,1, ση,2, σn,η, σh] = [0.5, 0.45, 0.03, 2] m2/s2,

[ℓη,1, ℓη,2, ℓH ] = [2, 1.5, 2] s and Tw = 10 s. The mean signal value for the wave is set to
µη = 0.

An example signal for the inflow velocity, wave elevation and associated induced mo-
ment are shown in Figure 7.
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Figure 7: Example realization of the disturbance signals z obtained from the correspond-
ing Gaussian processes. From top to bottom: the wind inflow velocity vw [m/s], the wave
elevation η [m], and the resulting wave-induced torque τw [Nm].

Episode Initialization
At the beginning of each episode, the initial state s0 is sampled from a multivariate

Gaussian distribution centered at the equilibrium values:

s0 ∼ N
(
s̄(v0, τw,0), Σ) , (57)

where the reference state s̄ = [θ⋆, θ̇⋆, Ω⋆]⊤ is determined by finding the steady-state fixed
point of the system under the sampled environmental conditions v0 and τw,0, and the
covariance matrix Σ = diag(σ2

θ , σ2
θ̇
, σ2

Ω) define the allowed variability with respect to the
mean values. We here consider σθ = 2.5◦, σθ̇ = 0.1 rad/s, drawn from the expected
operational dynamics of the OC4 (Robertson et al., 2014), and σΩ = 0.2 · Ω(r). For the
above-rated conditions concerning this exercise, we enforce Ω⋆ = Ω(r) and θ̇⋆ = 0. The
remaining turbine pitch degree of freedom is found as follows. First, the steady state
pitch angle β⋆ is obtained by solving the torque balance in Eq. (49) enforcing Ω̇ = 0, such
that τaero(v0, β⋆, Ω(r)) = Ngτg. Given the equilibrium pitch β⋆, the steady state platform
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tilt θ⋆ is finally computed balancing the aerodynamic thrust moment and external wave
disturbances against the hydrostatic restoring stiffness K. That is,

θ∗ = T (v0, β∗, Ω(r))Ht + τw,0

K
, (58)

where T is the rotor thrust and Ht is the hub height.

Baseline Controller: the KΩ2 Strategy As a reference strategy, we adopt the classi-
cal KΩ2 torque controller introduced in Lecture 5 and widely used in variable-speed wind
turbines (Pao and Johnson, 2009; Bianchi et al., 2007; Pao et al., 2024). The generator
torque is prescribed as taug = K Ω2, where the gain K is selected such that, under steady
inflow conditions, aerodynamic and generator torques balance at a prescribed optimal
tip–speed ratio ξ⋆. This ensures operation near maximum power capture for constant
wind velocity and absence of waves. While effective for land-based turbines, this strategy
does not explicitly account for platform dynamics. In floating configurations, the coupling
v = v∞ −Htω introduces additional feedback, and the classical KΩ2 law may contribute
to negative damping and amplified platform oscillations under wave excitation. Figure 8
illustrate the response of the floating wind turbine to an example of inputs for wind and
wave disturbances.
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Figure 8: Example realization of the disturbance signals z obtained from the correspond-
ing Gaussian processes. From top to bottom: the wind inflow velocity vw [m/s], the wave
elevation η [m], and the resulting wave-induced torque τw [Nm].
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Control Policies and Rewards The controller has two goals: keep electrical power
near its rated value and reduce oscillations from wind turbulence and wave–induced plat-
form motion. Because the tutorial treats above–rated operation, the reference power is
fixed at Pref = P (r). The instantaneous electrical power is P = τgΩ. To ensure steady pro-
duction and dynamic stability, the stage reward is the negative of a quadratic penalty on
power deviation, short–term power fluctuations, and a term related to platform motion:

rk = −
[
wP

(
Pk − Pref

Pref

)2
+ w∆P

(
Pk − Pk−1

Pref

)2
+ wωω2

k

]
, (59)

where wP , w∆P , and wω are positive weights. The first term enforces regulation around
rated power. The second term penalizes rapid variations of power, discouraging high-
frequency oscillations. The third term directly penalizes platform angular velocity. This
contribution acts on the physical mechanism responsible for negative aerodynamic damp-
ing: wave-induced torque excites pitch motion, which modifies the effective inflow veloc-
ity v = v∞ − Htω and propagates into aerodynamic torque and power fluctuations. By
discouraging large ω, the controller reduces the transmission of wave energy into the aero-
dynamic subsystem and enhances overall stability. Since actuator dynamics already in-
corporate bandwidth limitations and rate constraints, no additional control-effort penalty
is introduced; physical saturation bounds implicitly regularize excessive actuation.

The control inputs are the commanded blade pitch angle βc and generator torque τg,c.
We adopt a static state–feedback policy of the form[

βc

τg,c

]
= amid + aamp tanh

(
K ϕk

)
, (60)

where tanh(·) acts componentwise, K ∈ R2×nϕ is the matrix of policy parameters, and
the feature vector is defined as

ϕk =
[
1 Pk − Pref

Pref

Ωk

Ω(r) ωk

]⊤
(61)

The constant term lets the policy shift the equilibrium operating point without knowing
the exact steady state. The normalized power error enforces rated-power tracking. The
rotor speed Ω represents drivetrain kinetic energy and affects aerodynamic torque via the
tip–speed ratio. The platform pitch rate ωk is included as the dynamical pathway through
which wave excitation alters inflow velocity and can cause negative damping. This term
lets the controller counteract that effect directly, instead of responding only to its impact
on the power signal.

The vectors amid and aamp enforce physical actuation bounds,

amid =
[

45◦

21.55 kNm

]
, aamp =

[
45◦

21.55 kNm

]
, (62)

to preserve the actuation bounds defined previously. The hyperbolic tangent ensures
smooth saturation while preserving differentiability, guaranteeing feasibility of the com-
manded inputs before they are filtered by the actuator dynamics in Eq. (53).
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The turbulent wind field is generated using TurbSim with mean wind speed v∞ =
11 m/s and turbulence intensity TI = 16%, oscillating around rated conditions. Wave
excitation can be prescribed either as a sinusoidal input or through a JONSWAP spec-
trum. We consider significant wave heights ranging from moderate to severe conditions
(Hs = 1.18–3.44 m) with associated peak periods between Ts = 7.27 and 9.32 s.

Each simulation runs over an observation window of To = 600 s, corresponding to
approximately four times the natural pitch period of the platform. The system is assumed
to be instrumented at a sampling frequency of fs = 4 Hz.
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