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This lecture develops a unified perspective on control and learning as two complemen-
tary forms of adaptation through feedback. It examines the interplay between model-
based control, data-driven model identification, and model-free reinforcement learning,
emphasizing how assumptions about system knowledge shape both optimization strate-
gies and closed-loop behavior.

We begin with classical optimal control, where the dynamics are assumed known
and policy improvement exploits analytical structure and adjoint sensitivities. We then
consider data-driven identification and digital twinning, highlighting how model updating
and control interact when learning occurs under feedback.

The second part shifts to model-free methods, where optimal policies are learned
directly from data. We contrast policy-based approaches—where a structured control law
is optimized using techniques such as Bayesian optimization—with value-based methods
such as Q-learning, where the long-term value of state—action pairs is learned and the
policy emerges implicitly. This comparison clarifies the trade-off between structural bias
and representational flexibility, as well as the practical challenges of exploration and
function approximation.

Simple tutorial problems inspired by thermal and fluid systems illustrate the common
structure underlying these approaches. The central message is that control and learning
are not competing paradigms, but complementary strategies that differ primarily in what
is assumed known, what is inferred from data, and how optimization is carried out within
the closed loop.
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List of Symbols

State-Space Dynamics and Environment

So(t) Continuous-time state vector (white-box)

a.(t) Continuous-time control action vector

z(t) Exogenous input vector (disturbances, references)
S, A Z State, action, and exogenous input spaces

fo() Continuous-time system dynamics operator

F.(") Discrete-time one-step flow map

At Time step size

73 Discrete time step (kAt)

FEE FREL  Byler and Runge-Kutta 4th-order integration maps

k1, ko, k3, ky coefficients in the in RK4 integration

Optimal Control and Adjoint Calculus

J, R Cumulative reward or cost functional
r(s,a) Instantaneous (running) reward
0, Policy parameter vector

(s | @,) Parametric control policy
T Finite time horizon

E Expectation operator

To Distribution of initial states

P. Process distribution for exogenous inputs
g Exponential discount factor (e=t)
®(s(T)) Terminal penalty or reward

Ao (1) Continuous-time adjoint (costate) variable
H, Hamiltonian functional

Sx(t) State sensitivity Jacobian (ds/d@)

R Augmented reward functional

Identification and Digital Twinning

0.(t) Measured output (black-box/real system)
o(t) Model-predicted output (white-box/digital twin)
(-)  Observation or measurement mapping

Physical model parameters (e.g., friction, stiffness)
0, Parameters of the closure law or regressor
g(-)  Closure law mapping s to p
¢(-)  Loss function for identification mismatch
®(s) Regressor matrix for linear-in-parameter models
T, Duration of learning/identification episode
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Wind Turbine Tutorial Case Study

vw(t)  Wind inflow velocity

w(t)  Rotor angular speed

¢(t)  Tip-speed ratio (TSR)

Cy(§) Power coefficient

R Rotor radius

p, A Air density and rotor swept area

T, Aerodynamic torque

T, Generator (control) torque

Tk Feed-forward equilibrium torque
& Optimal tip-speed ratio

K Feedback gain (from LQR)

Reinforcement Learning (Policy and Value Based)

V(s) State-value function

Q(s,a) State-action value function

¥ Discount factor (0 <~y < 1)

€ Exploration probability (e-greedy)

m(-), k(+,+) Gaussian Process mean and covariance functions
K Training covariance matrix

Y, O Posterior predictive mean and variance (GP)

Ng, Ng, Ng Number of discretization bins (tabular RL)
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1 Adaptation Through Feedback

Every intelligent system, whether biological or artificial, must be able to adapt to a
variable environment in order to achieve its goals. Adaptation implies some form of
learning, which can be described as the process of modifying internal representations of
the system’s environment or decision rules based on experience so as to improve future
performance on a specific task.

Any form of learning requires some feedback. Historically, the problem of manipulat-
ing feedback mechanisms to regulate the behaviour of physical systems has originated in
the domain of optimal control theory, where feedback from state measurements or suitable
estimates is used to compute control actions that steer a dynamical system towards a pre-
scribed objective. In control theory, performance is quantified through a cost functional,
typically expressing tracking error, energy expenditure, or long-term operating efficiency.

On a much broader scale, the problem of feedback-driven adaptation has become a
central theme in machine learning, where discrepancies between predictions and obser-
vations provide feedback signals that drive the adjustment of parameters in statistical
models. Machine learning spans a wide range of applications and communities, and has
led to a large ecosystem of methods and terminology focused on data-driven modelling
and decision making. In this settings, performance is assessed through metrics such as
prediction error, classification accuracy, or expected reward.

Although machine learning and control theory have branched into specialised fields,
their conceptual links and common roots can be traced back to Norbert Wiener’s idea
of cybernetics (from the Greek word xuBepviw (kybernao), meaning “to steer”) in 1948
(Wiener, 2019). Cybernetics sought to build a unified framework and language for sys-
tems—biological, mechanical, or computational—that can sense their environment, pro-
cess information, and act so as to achieve a goal.

At a fundamental level, control theory and machine learning rely on the same core
mechanism: feedback from past performance is used to adapt future actions or inter-
nal representations. This shared reliance on feedback naturally leads both control and
learning problems to be formulated as optimization problems under uncertainty. Making
this connection explicit is essential for understanding how control and learning can be
combined effectively, and motivates the unified perspective developed in this lecture.

A direct connection between control and learning appears in reinforcement learning
(Sutton and Barto, 2018), where the objective is to construct a policy—a feedback control
law—that maximizes cumulative reward from data generated through interaction with the
environment. This formulation is closely related to classical control ideas and has deep
roots in dynamic programming and optimal control (Bellman, 1957; Sutton et al., 1992).
Despite these early connections, reinforcement learning and optimal control evolved for
many years within largely separate research communities, with limited cross-fertilisation.
More recent advances have renewed interest in their common structure and complemen-
tary strengths (Bertsekas, 2012; Recht, 2019). A similar convergence is now taking place
between control theory and statistical learning, driven by progress in data-driven mod-
elling, system identification, and sample-efficient optimization (Annaswamy, 2023; Dean
et al., 2019; Tsiamis and Pappas, 2022).

Much of the recent progress at the interface between control and learning is driven by
hybrid approaches that blend ideas from both fields. In reinforcement learning, increasing
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attention is devoted to exploiting dynamical models—whether known, approximated, or
learned—to improve data efficiency and recover analytical structure (Luo et al., 2024; Li
and Han, 2022). Conversely, in control applications where accurate models are unavail-
able, learning tools are used to identify, refine, or adapt system models directly from data
(Brunke et al., 2022). These developments point toward approaches in which models and
policies are jointly informed by data (Pinosky et al., 2022; Schena et al., 2024). We return
to hybrid methods in Lecture 13.

The scope of this lecture is to provide a general and, where possible, unifying overview
of tools from model-based control, data-driven model updating, and model-free control.
Many of these topics are presented at a deliberately high level, as they are treated in
greater depth in other dedicated lectures of the course. The lecture also includes hands-
on experience on a relatively simple problem that mimics key challenges encountered in
the control of thermal and fluid systems.

The lecture is structured as follows. Section 2 introduces the model-based control
problem, in which a perfect model of the system is assumed to be available and the ob-
jective is to determine an optimal control strategy to achieve a prescribed goal. Section 4
then shifts perspective to the problem of learning a model from data, focusing on system
identification methods aimed at inferring dynamical models from observations. In Sec-
tion 5, these two perspectives are brought together by considering the joint problem of
identification and control, in which the system model and the control strategy are learned
simultaneously. Section 6 is devoted to the model-free setting, where the objective is to
control a system optimally without explicitly constructing a model of its dynamics.

2 The Model Based Control Problem

We begin with fully model-based control problem, in which the governing equations are
known and the full system state is available for feedback. In this “white-box” setting (in
Wiener (2019)’s terminology), we denote all model-based quantities with a subscript o. A
schematic illustrating the key elements of this setting is shown in Figure 1. This consists
of (1) the environment (plant) to be controlled, (2) an agent/controller that actuates on
it informed by observation of the system state, (3) a reward function that evaluates the
quality of the actions according to a desired goal and (4) an optimizer which drives the
improvement of the agent/controller.

We consider a continuous dynamical system with state s.(t) € S C R"s, evolving in
time ¢ € R under the influence of control actions a,(t) € A C R™ and exogenous inputs
z(t) € Z C R". The closed-loop system is given by!

$o(t) = f(s0(t), 2(1), au(t: 0..1)),
ao(t) = 7(s50(t) | Oo.r), (1)

30(0) = So,0-

The evolution map f, : SXxAxZ — &S specifies how the system state changes over time
according to known physical laws, given the current state, control action, and exogenous

'We here follow the reinforcement-learning-inspired notation (s, a) for states and actions, rather than
the classical (x,u) of control theory. Apologies to the control community!
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Figure 1: Fully model-based (“white-box”) control setting. The environment evolves
according to known deterministic dynamics under the action of exogenous inputs and
control actions provided by a feedback policy. Performance is evaluated through a reward
functional, and an optimizer updates the policy parameters. Crucially, the dynamics map
fo is known and can be used to predict closed-loop trajectories, to evaluate the reward
functional, and to compute all necessary gradients and the updates produced by the
optimizer tuning the policy parameters.

inputs. All uncertainties enter only through the exogenous input, which includes reference
signals to be tracked, external disturbances to be rejected, and parametric variations
represented as additional inputs.

Focusing on closed loop control?, the action vector a,(t) is prescribed by a policy
(or control law) 7, : S — A, which maps the current® (fully observed) state to a control
actuation designed to drive the system toward a desired trajectory or operating condition.
We treat 7, as a parametric function, depending on a set of policy parameters 8, , € R"~.
These parameters are initially unknown, and determining (or optimizing) them to achieve
the desired behavior constitutes the essence of the control synthesis problem.

Depending on the control task, the policy function can take different forms. In regu-
lation or stabilization problems, the control action is often expressed as a function of an
error signal (e.g. deviation from a desired state or setpoint). In more general settings,
the policy is taken as a function of the full state as in (1).

To synthesize the policy, we must specify what it means for the controller to behave
“well”. In classical optimal control, this is expressed through a instantanecous reward*
ror @ S x A — R, which assigns credit to each state-action pair along the trajectory
generated by the policy. We here restrict the evaluation of the policy to a finite time
horizon T' > 0 and thus define the associated optimization problem as

T
maximize Ro(6s,) = / Fon(80(1), 2(1), ao(t; 0,.0)) dt, 2)
0

o,

2In the open loop control problem, the action is solely a function of time and is agnostic to the system
state. Such controllers cannot react to unknown disturbances or modelling errors and are not considered
in this lecture, where the emphasis is on feedback (closed-loop) policies.
3In a slightly more general approach, we could make the policy history-dependent, that is a.(t) =
(8o (t),...s(t — At)). For the purposes of this section, we do not consider this case.
or a running cost, if the problem is to be set as a minimization.
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where the state s,(t) and control a,(t) evolve according to the closed-loop dynamics (1).
The functional R, can thus be interpreted as a cumulative reward, which depends on the
policy parameters 6, , only through the induced trajectory.

A more robust alternative is to account for the uncertainty in the exogenous input,
described as a process z(-) ~ P, and allowing the initial condition to be random with
$6(0) ~ Z, could be

[ ren(sult), 2(0), aufeio) de) )

maximize Ro(Oorx) = Es, onz0, 2()~P.

o,

that is averaging over all possible realisations of the exogenous input and initial condi-
tion. This yields a control policy that is robust in expectation, reducing sensitivity to
specific disturbance scenarios and initial states and promoting consistent performance
across operating conditions. In practice, the expectation in (3) is typically approximated
empirically using a Monte Carlo method, by evaluating the integral over multiple inde-
pendent rollouts corresponding to different realisations of the exogenous input and initial
condition.

Many variants of (2) or (3) are possible. For example, the instantaneous reward
can be made explicitly dependent on time, by introducing an exponential discount fac-
tor ro . (t,8,a) = e P' 7, +(s,a) with B > 0, to emphasise near-term performance. Such
formulation allows also to consider infinite time horizons T" — oo using the same tools
described in these notes. Other variants could include an additional terminal penalty /re-
ward ®(s,(T)) on the final state or state and control constraints.

In the reinforcement-learning terminology, to which we return in Section 6, the ap-
proach presented in this section is on-policy, since the data used to evaluate and improve
the control policy are generated by the policy itself. Alternative formulations avoid learn-
ing a direct mapping from state to action and instead determine the control action by
solving an optimization problem at each time step. This receding-horizon philosophy
underlies both traditional Model Predictive Control (MPC) and off-policy reinforcement-
learning methods, which rely on evaluating or improving a policy using data generated by
a different decision rule (see Bertsekas (2024) for a recent discussion of the links between
these approaches). These topics are discussed in the following lectures.

Finally, we close this section with the discrete variant of (1)-(2), which could be
obtained either from sampling a physical system or from numerically discretising the
continuous-time dynamics (1). Let t; = kAt denote a uniform time grid with time step
At > 0. We then introduce a discrete-time state s, & so(fx), control input @, ~ a.(t),
and disturbance zj ~ z(t;), and write the closed-loop system as

Sok+1 = Fo<so,k7 2k, a'o,k)
Qo | = 7To<So,k ’ 00,7r)7 (4)

So,0 = 80,0,

)

where F, denotes the one-step flow map induced by integrating the continuous dynamics
over the interval [ty, tx, 1] with a suitable time integration scheme (e.g. explicit or implicit
Runge—Kutta methods). The discrete-time counterpart of the performance criterion (3)
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is then given by

N—1
maximize  Ro(0o.x) = Es, gy, 2()P. D Tom(Soks 2k, Gok)|, (5)
o k=0

with N = T'/At the number of time steps.

With a slight abuse of notation, we use the same symbols for rewards and policies in the
continuous- and discrete-time settings, since we do not consider problems in which both
appear simultaneously. It is nevertheless important to stress that the relation between the
continuous-time flow map f, in (1) and its discrete counterpart F, in (4) depends strongly
on the chosen time-integration scheme. For example, using an explicit Euler scheme to
discretise the continuous-time dynamics $, = f,(S., ao, z), one obtains the discrete flow
map

Sokt1 = Sok + At fo(Sok, Aog, 21) = Fi¥(s,a, 2). (6)

For a classical fourth-order Runge-Kutta scheme one has

At
Soktl = Sok T+ 5 (k1 + 2kg + 2ks + k) , (7)
with
kl - fo(so,ky Qo Zk), k2 - fo (so,k + %kh Qo Zk) ) (8)
ks = fo (So,k + Sk, ao Zk) , ks = fo(Son + At ks, ack, 2x) -

Hence, in this case, the discrete flow map FIK4

of evaluations of f,.

In practice, control design and implementation are often carried out in the discrete
setting (4)—(5), whereas many of the theoretical tools we rely on (such as variational
calculus, adjoint methods, or Pontryagin’s principle) are derived in continuous time from
(1)—(2). Working in continuous time avoids committing to any particular discretisation
and thus yields results that remain valid regardless of the numerical integration approach
used to obtain F,. We encourage the reader to familiarize with both.

is defined by the above composition

2.1 Pontryagin’s principle of optimality

How to optimize the parameters 6, , in Figure 17 Pontryagin’s maximum (minimum)
principle provides necessary conditions for optimality in continuous-time control prob-
lems. It introduces an adjoint (or costate) variable and leads to a coupled system in
which the state evolves forward in time, the adjoint evolves backward, and the optimal
control satisfies a pointwise optimality condition on a Hamiltonian. This framework en-
ables the efficient computation of gradients of performance functionals without explicitly
propagating forward sensitivities (Stengel, 1994).

In this lecture, Pontryagin’s framework is used primarily as an adjoint calculus to
compute gradients with respect to policy parameters, rather than to solve the Hamiltonian
minimisation explicitly. The same adjoint-based gradient computation applies to each
realisation of the stochastic inputs in (3), and the overall gradient is obtained by averaging
these contributions, as in a Monte Carlo approximation of the expectation. To look for
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stationary points of the cumulative reward function, we compute the Jacobian (gradient)
of the reward with respect to the policy parameter and use the chain rule to obtain:

dR,. T 10r, , dss Orer (0m, ds, 07,
a6, ~ Voo = /0 [ 95, 0.,  Da, (aso ., " aeo,,rﬂ dt (9)

_/T 8r077r+87’077r ome\ dss +@To,7r oms a (10)
—Jo Jss  Oa, 08, ) dO.,.  Oda, 00|

The reader is encouraged to pause and analyze the nature and dimensions of all Jaco-
bians that appear in the chain rule. The instantaneous reward 7, (s, a) and the policy
To(s | Oo,x) are ordinary multivariable functions of their arguments, so their derivatives

Ororx om, om,

c R XN
0s ’

Rl XMg
© ’ Js 00,

Nag XM
eRa 7r7

are all partial derivatives taken with respect to one argument while the others are held
fixed. Given explicit expressions for the instantaneous reward and the policy, these Jaco-
bians can be computed directly®. By contrast, the state sensitivity,

dso(t)
c IRnSXn7T
do, . 7

is a total derivative, because s,(t) is not an explicit function of (s, a, @) but the outcome
of solving the differential equation $.,(t) = fo(So(t), To(S0(t);05x), 2(t)). A perturba-
tion of the parameters 6, . alters the control action, which in turn modifies the entire
state trajectory through the dynamics. Thus the mapping 0, . — S.(t) is a composite,
trajectory-dependent operator, and its derivative must be taken in the total sense.
Computing these sensitivities is difficult. The state sensitivity can, in principle, be
computed directly by differentiating the dynamical system with respect to the policy
parameters. Let
dso(t)
dé, ,
offer a short hand notation for the Jacobian of the state trajectory with respect to the

parameters. Differentiating the ODE (1) with respect to 6, , and exchanging the order
of differentiation yields

S.(t) = € R

: _Ofs af, (0n, Omo
Sx(t) = 0s, Sx(t) + oa, (830 Sx(t) + 390,7r> ’ (1)
with initial condition 45.(0)
So
= =0. 12
ST"(O) deoﬂr 0 ( )

Equation (11) constitutes the forward sensitivity system: a system of coupled ODEs
featuring ngs X n, equations to be solved in addition to the original state dynamics. Its

SFor instance, if 7o .(s,a) = —|e(s)||3 for an error vector e(s) = s — Syef, then dr, ./0s = —2e'.
Similarly, if 7, is a neural network, the Jacobians dm,/0s and 0m,/00, . are obtained via standard
back-propagation.
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solution provides the state sensitivities ds,(¢)/d6, .. In many applications the number of
parameters n, is large, making this approach computationally demanding and motivating
the introduction of the adjoint method (Givoli, 2021; Bradley, 2024). This offers an
alternative route to compute the gradient of R, based on the idea of augmenting the
functional (2) with a time-dependent adjoint (or costate) A.(t) € R". We define the
augmented reward

Ro(Oor, Ao) = /0 ' [rom(so(t),ao(t)) + Xa(t) " (folso(t), 2(1), ao(t)) — so(t))]dt. (13)

=0 along admissible trajectories

The second term vanishes identically regardless of the choice of A.(t), because the
state trajectory s,(t) satisfies the dynamics $,(t) = fo(8o(t), ao(t), z(t)). Therefore

Ro(0sr, X)) = Ro(6,) for all admissible trajectories and all Ao (t). (14)

The gradient of ﬁo with respect to 6, . coincides with that of R, regardless of how A,
is chosen.
It is convenient to introduce the Hamiltonian

Ho(so, Z, ao, )\o,) = roﬂr(so, ao) + )\OTfo(so, z,a,), (15)

to rewrite the augmented functional (13) as

R, = /OT [Ho (80, 2,00, X0) — Al 0] dt. (16)

Pontryagin’s framework can be viewed as choosing the adjoint trajectory A.(t) so as
to simplify the gradient of this augmented functional. Differentiating R, with respect to
the policy parameters and using the chain rule yields

B /T Orox dso N Ore dao
- 0 aSo (100777 aao deo,rr

df, ds, df, da, d ds,
AL - — dt.
* (850 6., " da.d6., di deo,) ]

(17)

Using integration by parts on the last term,

T d ds ds
— A= Q=N
/0 °dtdo, . °deo, .

ds
Al
/ °dl,
and assuming that the initial condition is independent of the parameters (ds.(0)/d6, » =
0), we can then regroup the terms multiplying the state sensitivity to obtain

AR, T 0rer  10fe | 57\ dS0 | (Orex  70fs ) das - ds,
= 2 2 — Ao T
a0, J l( po. T A gg, TR )dé)m - ( da. ™ da, )ao., | D) g |

0

We now exploit the freedom in the choice of the adjoint trajectory Ao(t). Imposing
that it satisfies the backward (adjoint) equation

. af.\' ..\ (0H,\' B
—Ao(t) = (8&)) Aolt) + ( 08, ) N <8so> ’ (1) =0, (18)
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we simplify the gradient equation to

Oro x 8fo da, (T OH, da,
VoorRo = / < 80,0 Ao 8ao> dé, - dt = 0 Oa, dO. . . (19)

Thus, instead of solving a forward sensitivity system of size ng X n,, we solve a single
backward adjoint system for A.(¢) and obtain the gradient by a single time integration.

Finally, we close this section with the discrete version of (19) for the case of the discrete
system (4). Taking the gradient of (5) with respect to the control parameters and using
the chain rule (disregarding for the moment the expectation operator) gives

Orordsey  Oror dacy
Vo, .Ro = = + =
Bor Z aso,k deom— aafo,k deo,w
As in the continuous case, the dlfﬁculty lies in the state sensitivities ds, ;/d@, ., which
satisfy a forward sensitivity recursion obtained by differentiating the state update:
dsori1  OF, dsop OF, da.y, ds.
d6,.  0soxdO., 0Oa.ydb,.’ dé, .

(20)

~0. (21)

Solving (21) explicitly requires propagating an ny X n, Jacobian forward in time, which
becomes prohibitively expensive when n, is large. As for the continuous case, the discrete
adjoint method seeks to avoid the explicit computation of these sensitivities. Expanding
the reward gradient (20) backward in time and using the chain rule, we can rewrite

N-1
OTor Oror 086 Oror 08on_1\ dSor  Oro, dae
[( P ML - 1) ko o ok

Vo, . Ro = .
' aSo,k 8So,k+l aSo,k aSo,Nfl aso,k deo,ﬂ' aa’o,k deo,ﬂ

k=0

total influence of s,
(22)
Introducing the forward mapping So 11 = FoSok, Qok, 2x), We recognize that the
Jacobians 0s, ;/0s. ) for j > k can be expressed in terms of products of the local sen-
sitivities 0F,/0soy for £ = k,...,j — 1. Rather than keeping track of all these products
explicitly, it is convenient to introduce a sequence of adjoint (costate) variables {Xo x }5,
defined backwards in time by

oF, \' Ay
>\o,N:07 Ao,k:<as ) )\o,k+1+<8;’ ) ) k:N—l,,O (23)
o,k o,k

By construction, A o collects the total influence of s, on all future rewards, so that (22)
can be rewritten Compactly as

Nl d [¢] o,Tr [¢]
l)‘T Sok +8r, da k] (24)

Vo, . Ro =

Bom kz::o de o,m aafo,k dOO,T(
Next, we substitute the forward sensitivity recursion (21) into (24). Collecting all

terms that multiply ds, ;/d6, ., one finds that definition (23) allows to cancel telescopi-

cally all contributions involving the state sensitivities. The remaining term reads

or. > dao,k

Vo Ro= 3 (Do, OF
Oom e ™ k=0 aafo,k O’k+laafokz deO,T(‘

(25)
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It is again convenient to introduce a discrete-time Hamiltonian,

T
Ho,k<so,k7 Qo ks 2, Ao,k—&—l) - To,n(so,k, Qo Zk) + Ao7k+1Fo<So,ku Qo zk)u (26>

so that the adjoint recursion and the gradient can be written compactly as

.
:<8H°”“> ., k=N-—-1,...,0, (27)

and (25) becomes

Nl 8Ho k dao k
R, = § ( ’ =, 28
Ve, . 2= Ba.,, A6, (28)

As in the continuous-time case, the discrete adjoint method replaces explicit forward
sensitivity computation with a single backward sweep of the adjoint recursion (27), fol-
lowed by the accumulation of the gradient contributions in (28). In practice, this is
reverse-mode automatic differentiation (backpropagation through time) applied to the
time-stepping scheme defined by F, and the policy .

In the tutorials presented in this lecture, the adjoint computations are carried out
using automatic differentiation, specifically through the JAX framework. This allows
gradients to be computed efficiently without explicitly deriving or implementing the ad-
joint equations by hand. Nevertheless, understanding the adjoint formulation remains
essential for interpreting the resulting gradients, assessing computational cost and mem-
ory requirements, and extending these methods beyond standard automatic-differentiation
pipelines.

2.2 The adjoint based policy search algorithm

The adjoint-based policy search procedure in the model-based setting is summarized in
Algorithm 1. At each iteration, the current policy parameters 0(()"72 define a closed-loop
system that is simulated forward in time. In continuous time, this means integrating (1)
over t € [0,T]; in discrete time, it means iterating the state recursion (4) for k =0,..., N—
1. The resulting state and action trajectories are stored, and the cumulative reward
Ro(67) is computed.

Given these trajectories, the sensitivity of the cumulative reward to the policy parame-
ters is computed via the adjoint formulation, which requires backward-in-time propagation
of the adjoint variables. In continuous time, the adjoint equation (18) is integrated from
t =T to t =0, while in discrete time the adjoint sequence {4 }4_ is computed by the
backward recursion (23) with terminal condition A, x = 0. The state, action, and adjoint
trajectories are then combined to form the gradient of the cumulative reward with respect
to the policy parameters. The explicit expressions for this gradient are given by (19) in
continuous time and (28) in discrete time.

Finally, the policy parameters are updated using a gradient-based optimization rule.
While simple gradient ascent can be used, adaptive methods such as ADAM (Kingma
and Ba, 2015) are typically preferred in data-driven control and reinforcement learning,
where gradients may be noisy due to stochastic disturbances, numerical errors, or mini-
batch evaluations. Compared to quasi-Newton methods such as BEFGS or L-BFGS, which
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Algorithm 1: Adjoint-based policy search

Input: Initial policy parameters 9(()?71, horizon T" or N, learning rate n (or
optimizer U)

Initialise n < 0;

while stopping criterion not met do

Forward pass;

Simulate the closed-loop dynamics with 0£”72 with (1) or (4);

Compute cumulative reward R,(6%)) with (2) or (5);
Backward pass;

Solve backward for the adjoint states {A,} with (18) or (23);
Gradient evaluation,;

10 Compute g™ = VQMRO(OC(];Z) using (19) or (28);
11 Parameter update;

12 6"+ M(Ggﬁ?, g(”)>;

13 n<+n+1;

1
2
3
4
5 Store state and action trajectories {s., a.};
6
7
8
9

require smooth, accurate gradients and incur high memory costs (Nocedal and Wright,
2006; Chong and Zak, 2013; Martins and Ning, 2022), ADAM is more robust and scalable
for large, non-convex problems.

Denoting by g = VBMRO(O(STQ) the adjoint-computed gradient at iteration n, the
ADAM update first proceeds with a moving average of the gradients and its squared value

m D = Bim™ 4 (1- 8) g, (29)
v = g™ 4 (1 - 3,) g™ © g™, (30)

with (1, B2 € (0,1) and ® denoting element-wise multiplication. These are bias-corrected
as

) =m0 - g, (31)
o) = o /(1 - gy, (32)

and the policy parameters are updated as

m(n+1)

),
o,m o,m U\/W+€

where 1 > 0 is the learning rate and € > 0 a small regularisation constant.
The iteration is repeated until a stopping criterion is met, such as a maximum number
of iterations, a sufficiently small gradient norm, or stagnation of the cumulative reward.

(33)

3 Classic linear(ized) Recipes

In the previous sections we formulated optimal control for general nonlinear systems and
showed how adjoint-based optimization provides a scalable solution method. There are,
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however, two important scenarios in which the optimization problem admits a closed-form
solution and does not require running a gradient-based solver. These correspond to sys-
tems that are linear (or linearised) about an equilibrium operating condition. When the
measurable operating parameter q is frozen, the resulting deviation dynamics become lin-
ear time-invariant (LTI), and in infinite horizon admit closed-form solutions leading to the
classical Linear Quadratic Regulator (LQR) and H robust control formulations(Stengel,
1994; Basar and Bernhard, 1995; Zhou et al., 1996; Skogestad and Postlethwaite, 2005;
Hespanha, 2018).

These methods arise as specialisations of the general framework introduced earlier, ob-
tained by linearizing the dynamics about an equilibrium operating condition and adopting
quadratic reward structures over an infinite time horizon.

In this section, we write the exogenous input as the partition z(t) = (q(t),w(t)),
where g(t) denotes a measurable operating condition or scheduling parameter (e.g. refer-
ence signals or slowly varying environmental parameters) and w(t¢) denotes an unmeasur-
able disturbance to be attenuated or rejected.

We assume that q(t) varies sufficiently slowly so that q(t) ~ 0, which corresponds to
a frozen-parameter or quasi-steady approximation.

For each fixed value of the measurable operating condition g and in the absence of
disturbances (w = 0), we define the equilibrium maps (s*(q),a*(q)) as solutions of

fo(s7(a),a*(g),4,0) = 0. (34)

These maps define an equilibrium manifold parameterised by gq. Classical regulation
about a fixed point corresponds to the special case where this manifold reduces to a single
equilibrium. We introduce deviation variables

ds(t) = s(t) —s™(q(t),  da(t) = a(t) —a’(q(t)). (35)

Under the frozen-parameter assumption and linearization about the manifold, the
deviation dynamics become

6s = A(q) 65 + B(q) da + E(q) w, (36)
where
3 o a o 8 o
Alg)= . Blg)= % . Blg)= 2 .
(s*(q9),a*(q),q,0) (s*(q),a*(q),q,0) (s*(a),a*(q),q,0)

Equation (36) defines a linear parameter-varying (LPV) system. If g(t) is held constant,
the system reduces to a linear time-invariant model, for which classical LQR and H*
synthesis apply. We now present two classical reward structures for (36), corresponding
to average-performance (LQR) and worst-case (robust) objectives.

3.1 Regulate deviations about an equilibrium: LQR

A natural objective is to regulate the deviation dynamics (36) while penalising excessive
control effort. In deviation variables, the quadratic reward reads

rlQR — _557Q(q) 6s — da' R(q) da, (37)
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where Q(gq) = 0 and R(q) > 0 are user-defined matrices.
Importantly, the reward penalizes deviations da and not the equilibrium feedforward
a*(q) itself. The corresponding state-feedback policy takes the form

a(t) = a*(q(t)) — K(q(t)) (s(t) — s"(q(t))). (38)

For fixed q and infinite time horizon, the optimal gain K(q) is obtained by solving
the algebraic Riccati equation associated with (36) and (37) (Stengel, 1994; Basar and
Bernhard, 1995; Zhou et al., 1996; Skogestad and Postlethwaite, 2005; Hespanha, 2018).
The resulting closed-loop matrix is

A.(q) = A(q) — B(q)K(q),

which must be asymptotically stable.
Frequency-domain interpretation. Assume that q is frozen and that the closed-
loop system is asymptotically stable. The closed-loop deviation dynamics read

0s = A(q)0s+ E(Qw,  A.q) = A(q) — B(g)K(q).

To analyze disturbance amplification in the frequency domain, we introduce the Laplace
transform of a signal f(¢):

flo) = [Tetrma, (39)

where s = o + jw € C denotes the complex frequency.®
Applying the Laplace transform under zero initial conditions’ gives

s0s(s) = Ac(q) s(s) + E(q) w(s)-

Solving for ds(s) yields

55(s) = (sI - Aulq))  Elq)®(s).

The operator
~1
(sI - Ac(q))

is the resolvent of the closed-loop matrix. It characterizes how disturbances at complex
frequency s are propagated through the closed-loop dynamics.
Defining the performance output

Q(q)'/?ds(t)
y(t) = [R(g)lﬂ 6a(t)] )

6The Laplace transform is usually indicated with a capital letter, hence F(s) € C would be the
transform of f(t) € R and F(s) € C™ would denote the transform of f(t) € R™. Do not confuse the
complex scalar s with the state vector s. Careful... a notational tornado is approaching!

"Here is another reason why control engineers traditionally use x for the state and w for the input.
Using s and a risks collision with the complex frequency s and the system matrix A. We nevertheless
keep the reinforcement-learning notation for consistency with the rest of these notes.
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the disturbance-to-output transfer function becomes

Toy(5:9) = Clg)(sI — Aclq)) Elq).

The infinite-horizon cumulative reward is proportional to the squared H? norm
1 oo . .
1Ty (5 )3 = g/_ trace (T (jw; q)" T(juw; q)) dw,

where # denotes Hermitian transposition. Thus LQR minimizes the average amplification
induced by the closed-loop resolvent across all frequencies.

3.2 Robust Control

While LQR averages disturbance amplification over all frequencies, robust control con-
strains the largest amplification produced by the same closed-loop transfer operator.

Let
y(t) = 1(s(t), alt), q(t)) (40)

denote a performance output collecting the quantities to be kept small. In the reward-
maximization framework, a robust instantaneous reward can be written as

e = =llyO3 + 2w ®)]3. (41)

where v > 0 is a prescribed performance level.
The corresponding optimization problem is the max—min game

T
max min / rHee (1) dt. (42)
6 w() Jo

This formulation can be interpreted as a two-player game. The controller (through 8, )
attempts to maximize the cumulative reward, while an adversarial disturbance w(-) at-
tempts to minimize it by injecting the most harmful disturbance signal allowed within the
admissible class. Unlike the LQR setting, where disturbances are treated statistically or
in an average sense, the H*> objective explicitly considers the worst possible disturbance
trajectory. The controller is therefore designed to perform satisfactorily even under the
most unfavourable disturbance. In the linear time-invariant infinite-horizon case, this
time-domain game admits an equivalent frequency-domain characterization. The max—
min problem is equivalent to requiring the induced gain bound

IToros (5@l = P o (Tay (i ) < 7 (43)
we
Thus, whereas the H? norm integrates the Frobenius norm of the transfer operator
over all frequencies, the H* norm measures its largest singular value at the most amplified
frequency.
At a fixed frequency w, the worst amplification is obtained by solving

max HTUHy(jw; q)wH .
[[wlla=1 2
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This optimization problem is solved by the singular value decomposition
Ty (jw3; @) = U (w) B(w) V(w)™.

The largest singular value oya.(w) gives the maximal gain from disturbance to perfor-
mance output at that frequency, while the corresponding right singular vector in V(w)
identifies the unit-energy disturbance component that achieves this maximal amplifica-
tion. The H* norm is therefore the supremum of the spectral norm of the resolvent-
weighted input—output operator over all frequencies. It captures the worst disturbance
waveform that the closed loop can amplify.

For linear systems this worst-case formulation reduces to Riccati equations or Riccati
inequalities (Hespanha, 2018; Skogestad and Postlethwaite, 2005; Basar and Bernhard,
1995; Zhou et al., 1996), providing reliable and efficient “off-the-shelf” synthesis tools.

3.3 Tutorial 1: An actuated tuned mass damper system

[ Linear and Nonlinear Approaches for TMD systems

In this exercise we consider a two-degree-of-freedom mechanical oscillator, shown
in Fig. 2. Systems of this form arise in many areas of structural dynamics and vi-
bration control, and are widely used as benchmark models for tuned mass dampers,
vibration absorbers, and active or semi-active control devices in civil and mechani-
cal engineering, for example for mitigating oscillations in tall buildings, bridges, and
flexible structures. Variants of this model have also been used to describe sloshing mit-
igation in passive settings (Gligor et al., 2024 ), while actively controlled configurations
are currently under investigation within the PhD project of T. De Maria.

The model considered in this exercise consists of two masses, m; and moy, with
generalized coordinates s1(t) and sy(t) denoting their displacements. The first mass
is attached to a fixed support through a spring-damper pair (ki,c;) and represents
the primary structure whose motion is not directly actuated. The second mass is
connected to the opposite support through (ks, c2) and is equipped with an actuator
that applies the control input a(t) through the right support. The two subsystems are
dynamically coupled by an interconnecting spring and damper (k., ¢.), which transmit
forces proportional to relative displacement and relative velocity. In the problem of
sloshing control, one of the systems describes the sloshing masses while the other
describes the damper system.

> —>
S1 2Y)

k. k
QAJVA_ mZ_JK/VA_
E [ F
Ce [

//

|

IV
qé
3
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Q

Figure 2: Two-degree-of-freedom actuated tuned mass damper model.

The system is initialised from a perturbed state with s;(tg) = 0.1, while all other
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states are initially zero. In this tutorial, we consider a linear controller of the form
a(t) = —Ks(t), where s(t) = [s1, $1, So, $2]' is the state vector, with s; » denoting
the displacements of the two masses and the dot denoting time derivatives, and K &€
R4 is the gain vector to be identified. For the system, we consider two scenarios.

Control laws and objective.

1. Linear dynamics.

coefficients, leading to linear system and linear closed-loop dynamics.

continuous-time state-space model can be written as

$(t) =

As(t) + Bal(t),

where A and B are the system and input matrices given by

All springs and dampers are assumed to have constant

The

i 0 1 0 0 i 0
kfl + kc C1 + Ce kc Ce 0
_ mq ma m ma _
L= 0 0 0 > B= (1)
kc Ce k? alx kc Co o Ce e
i i _ _ Mo
L Mo mo mso mg

This case serves as a reference setting in which the system behaviour and the
effect of feedback can be analyzed using standard linear control tools.

. Nonlinear dynamics. In the second scenario, the control law remains linear,

but the system dynamics are made nonlinear by introducing a cubic stiffness
term acting on the first mass. Physically, this term represents a weak nonlinear
restoring force, as commonly used to model geometric or material nonlinearities.
The resulting state-space model takes the form

0 1 0 0 S1 0 0
_ ki+kc __ca+tce ke Cc 81 _ kfgsi‘} 0
s = ¢ & o N P B P KON
ke Ce __kodke _ catee $9 0 1
ma2 m2 m2 mo mo

This scenario allows for assessing the robustness of linear feedback control in the
presence of mild nonlinearities, and highlights the limitations of linear models
when the system operates away from small-amplitude regimes.

In both scenarios we adopt the quadratic H?-style

reward as in section 3.1, and we seek a stabilising linear feedback policy

ao(t) = 7o80(t) | o) = —K so(t), K € RV,

where 6, . = K in this tutorial. Using the reward-maximization convention of Sec-
tion 2, maximising R, is equivalent to minimising the cost

VKI
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The matrix Q is constructed to penalise selected performance quantities rather
than the state components individually. Specifically, we penalise the displacement
and velocity of the primary mass, together with a coupled-motion measure involving
both subsystems. To this end, we introduce the linear mapping y(t) = C s.(t) with

51 1000
5 ) ) . 01 00
y(t): 61 7 €:=81+ Sg, €:= 35+ S, C = L
é 01 01

Assigning independent weights to the components of z via
W = dia’g(wslu w$17 We, wé)?

we obtain the state penalty
Q=Cc'wc,

so that the running cost can be written explicitly as

f@):z%lauf—%wﬁsﬂﬂ2+uk(&@)+sﬂw)2+U%(g@)+sﬂwf—%Raxw?

The scalar R > 0 weights the control effort and sets the trade-off between vibration

reduction and actuation intensity. In the simulations we use w,, = 50, w;, = 2,
we, = 1, we = 0.1, and R = 0.05.

Computation of the feedback gain. The identification of a suitable gain K is
carried out using two approaches, depending on the scenario.

1. Linear case (Riccati/LQR). For the linear model, the optimal gain is ob-
tained from the standard LQR solution via the discrete-time algebraic Riccati
equation (DARE); see Hespanha (2018). The continuous-time matrices A and
B are discretized into Agq and B4 using the Euler discretization with dt = 0.01 s.
In practice, this can be computed using the scipy routine solve_discrete_are:

scipy.linalg solve_discrete_are
def 1qr_gain(Ad, Bd, Q, R):
P = solve_discrete_are(Ad, Bd, Q, R)
BtP = Bd.T @ P
K = np.linalg.solve(R + BtP @ Bd, BtP @ Ad)
K

O T W N~

2. General case (adjoint-based policy search). For both the linear and non-
linear models, we can compute gradients with respect to the policy parameters
0. = K using the adjoint formulation developed in Section 2.2; see in partic-
ular (18) and the gradient expression (19). For the linear closed-loop dynamics
with a,(t) = —K s,(t), one has

df.
0s,

of. da. _ o

da. 7 0K ®7

— A - BK,
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and the reward derivatives follow directly from Section 3.1 (with e = s, and
constant Q, R):

Oro x Oro x
0s, Oa,

Substituting these quantities into (18)—(19) yields dR,/d K, which is then used
in a gradient-based update of K as in Algorithm 1.

= -2 sOTQ, = —-2Ra..

In this work we focus on a specific implementation of the adjoint method based
on a fixed time discretisation using an Fuler explicit scheme. Once a discreti-
sation is chosen, and assuming that all required quantities (state, control, and
intermediate stages) are available at the corresponding time steps, it is natural
to adopt the discrete adjoint formulation introduced earlier in this section. This
avoids explicit manipulation of continuous-time adjoint equations and aligns di-
rectly with the numerical time-stepping scheme used in the forward simulation.

In practice, the discrete adjoint is implemented using the JAX framework, which
allows the forward simulation, adjoint integration, and gradient assembly to be
combined efficiently within a single just-in-time (JIT) compiled function. A
schematic implementation is illustrated below:

1 @jax.jit

2 def cost_and_grad_manual (K):

3 # Forward dynamics

4 S = forward_trajectory (K)

5 # Compute cost

6 J, a, _ = cost_from_traj(X, S)
7 # Compute the adjoint variable backward
8 lam = adjoint_from_traj(K, S)
9 # Compute the gradient

10 gk = grad_wrt_K(K, S, a, lam)
11 return J, gK # cost and gradient!

The reader is referred to the provided Python codes for the detailed implemen-
tation of these routines. We emphasise that the explicit computation of the adjoint
variables is included here for didactic purposes: in practice, the same gradients could
be obtained automatically using JAX’s built-in reverse-mode differentiation.

Results, Part I: Comparison adjoint vs. LQR Figure 3 compares the time
evolution of the displacements s; and s, together with the control input a(t), for the
uncontrolled system and for three feedback laws. The controlled cases correspond to
the state-feedback gain obtained from the solution of the discrete-time algebraic Ric-
cati equation, denoted Kiqr, and to gains obtained via adjoint-based policy optimiza-
tion. In the latter case, we consider a full-state feedback gain, denoted K,qj ¢, and
a reduced-structure gain, denoted K,qjreq, Obtained using exactly the same adjoint-
based optimization procedure but restricting the feedback to a subset of the state
variables (equivalent to forcing K3 = K, = 0). All responses are computed from the

VKI -21 -




same initial condition and use identical model parameters and cost weights, so that
differences in the trajectories can be attributed solely to the choice of feedback gain.

—— No control
LQR
=== Adjoint (full)

""" Adjoint (reduced)

ot
o 4

—0.04 1

1 =

[e=}
—
o
w4
'
3
(=2}

t[s]

Figure 3: Time histories of the displacement s; (top) and control input a (bottom) for
the uncontrolled system and for three feedback controllers: Kiqr, adjoint-optimized
full-state gain K,gj s, and adjoint-optimized reduced-state gain Kpgj red-

While the uncontrolled response shows lightly damped oscillations, all controllers
significantly increase the closed-loop damping and drive the primary displacement s;
rapidly to zero. The corresponding feedback gains and achieved cost values are re-
ported in Table 1. It is immediately evident that the gains obtained through LQR
and through the adjoint method coincide. This occurs because, under the same time
discretization, both approaches solve the same optimization problem, namely the min-
imization of the identical cost function. In the LQR case, the linear structure of the
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system together with the quadratic form of the cost function guarantees a known
analytical solution that is unique and globally optimal. This agreement therefore
provides a direct validation of the adjoint implementation: with the same temporal
discretization, the adjoint algorithm converges to the LQR solution, for which the
global minimum is known.

K Ky K3 Ky J
LQR 20.851 6.063 10.417 4.218 0.121072
Adjoint full state 20.851 6.063 10.417 4.218 0.121072
Adjoint reduced state  8.26 3.15 0 0 0.129168

Table 1: Comparison of feedback gains and cost J for LQR and
adjoint-optimized controllers.

The reader is encouraged to study the convergence plot of the ADAM optimizer
from the files 2_Tut_1 Linear Full and 3_Tut_1 Linear_Reduced.py.

The adjoint full-state controller achieves the same cost of the discrete LQR, because
of the same gain. The close agreement between the full-state and reduced-state adjoint
solutions further suggests that, for the considered excitation and weighting, several
feedback channels have a lower impact on performance.

Results, Part II: Adjoint in the non-linear system The nonlinear variant
is handled with no modification to the adjoint-based optimization algorithm: only
the forward dynamics are changed by the addition of the cubic stiffness term. This
highlights an important advantage of the adjoint formulation, namely that the same
solver infrastructure applies seamlessly to both linear and nonlinear systems. The
cubic term introduces an amplitude-dependent restoring force, providing a simple
test of robustness of the feedback law outside the strictly linear regime. Full details
of the implementation and numerical results are provided in 4_Tut_1_Nonlinear.py.

4 Model Identification and Digital Twinning

We now turn to the complementary problem of model identification, in which the ob-
jective is to adapt a dynamical model so that it reproduces the observed behaviour of
a physical system. As in Section 2, we formulate an optimization problem constrained
by a dynamical system, with the parameters being adjusted now describing the model
dynamics rather than the control policy and the performance criterion now measuring
model-data mismatch. This problem is central to model calibration and forms a solid
basis for updating what is commonly referred to as a digital twin (Xu et al., 2024; Wagg
et al., 2025; Hartmann and Van der Auweraer, 2025).

Despite this shift in emphasis, the underlying mathematical structure remains essen-
tially the same. Gradient-based optimization and adjoint methods therefore play the
same key role in efficiently handling trajectory-dependent sensitivities, as discussed in
Section 2; see also Mendez (2025); Mendez et al. (2025) for a broader perspective on
physics-constrained learning. A schematic overview of the real-time identification prob-
lem considered in this section is shown in Figure 4.

We view this as a problem involving two dynamical systems. One is “black”— this is the
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1 ) Real Environment
Se = f.(s.,...)

2 Digital Twin
S, = fo(so...;p)

Real Measurements O,
0, = h(s.)

Cost Function

(Virtual) Measurements O, T
@ 0, = h(so)

So p CIosureLaVé ]
= SO;
P g( p) (@ Optimizer
(i minimise J(6,)
0, %

Figure 4: Real-time system identification setting. The physical environment evolves ac-
cording to unknown dynamics and is observed through real measurements. In parallel,
a digital twin with tunable parameters runs alongside the real system. A cost function
quantifies the mismatch between real and virtual measurements, and an optimizer updates
the closure-law parameters so as to continuously adapt the digital twin to the observed
system behavior.

true system or plant (labelled 1 in Figure 4. Its evolution map is unknown and we denote
its dynamics by f,. We only observe quantities o, € R", via a measurement process
(labelled 3 in Figure 4) related to the hidden states s, € R" through an observation
function A(-). This system is thus

ou(t) = h(sa(t)), (45)

It is worth stressing that the system under consideration may, in practice, operate
in closed loop under a fixed feedback policy @ = 7(s;...). However, since this policy
is assumed to be known and is not subject to optimization in this section, its effect can
be absorbed into the system dynamics. Accordingly, we treat the observed system as an
autonomous dynamical system with an effective evolution map f,.

The second system is the “white” system, our model of the system under study (la-
belled 2 in Figure 4). We assume full knowledge of its governing vector field f, and
state s,. Here, f, comes from an engineering model, typically based on first principles
(e.g., mechanical or thermodynamic conservation laws). This model contains unknown
parameters—such as heat-transfer coefficients, friction factors, aerodynamic coefficients,
or other closure terms—linked to the underlying physics through a closure law (labelled
7 in Figure 4), denoted generically by ¢g(-). The model predictions are given by
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w.

o(t) = fo(s-(t); P).
= g(50(1); 6,),
0,(t) = h(so(1)),

5(0) = S0 0.

3

(46)

Note that the problem formulation does not strictly require an explicit definition of
the closure function; we could simply write $,(t) = fo(so(t); Bp). However, the distinction
between physics-based equations and data-driven closure laws will become relevant later,
especially in Lecture 13.

We refer to the black-box system (45) as the real environment and to the white-box
model (46) as its digital twin or virtual environment. The real-time adaptation, with the
tailoring of the predictions to a specific physical system through continuous parameter
updates distinguishes a digital twin from a static or offline-calibrated model. Because
many physical systems change over time due to wear, ageing, or environmental conditions,
our goal is to continuously track the evolution of the closure parameters 8, so that the
digital twin adapts to the real system.

Identification and model updating form a single online optimization process. Over
learning episodes of duration 7, > 0, we collect data to assess performance and update
0, so that the digital twin’s predicted observations match those of the real system. Given
observations {04(t) }:cj0,7;,) and the digital twin dynamics (46), which yield predicted ob-
servations 0,(t) = h(s,(t)), we measure performance with an integral cost functional of
the form®

To
minimize 7 (6,) = Ea, o1, 2. [ /0 U0s(;8,), 0u(1), 1) dt| . (47)
P
This is mathematically analogous to (2) in the model-based control setting (labelled 5 in
Figure 4). Expectation over possible disturbances can easily be introduced with no loss of
generality (see Tutorial 2). The optimizer driving the model update (labelled 6 in Figure
4) can therefore proceed with the same adjoint tools introduced in the previous section.
In the identification setting, the cost is defined in terms of the discrepancy between
observed quantities and the corresponding outputs predicted by the digital twin. Accord-
ingly, we define the identification Hamiltonian

HID('SOng;Op;t) = g(h(SO)’t) +A3—f0(so;p>7 pP= g(soaep)’ (48)

where A.(t) € R™ denotes the adjoint variables enforcing the digital-twin dynamics.
As in Section 2, we choose the adjoint trajectory so as to eliminate the dependence on
the state sensitivity ds,/d6,. Imposing the backward adjoint equation

. ov on\'  [0f,
—Ao(t) = (800 (980) + <880

8In the most general setting, this function could also explicitly depend on 8,, hence (s, (t;6,), t; 6,,)
via a virtual measurement process (labelled 4 in Figure 4). That is the case in which this term has a
regularization on the parameters.

) Ao(t),  A(T)) =0, (49)
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which follows from the chain rule since the loss depends on the state only through the
observation operator h.
The adjoint system is therefore closed by the chain rule

of,  of.|  of. g
630 N 380 8]9 aso7

(50)

p

since f, depends on s, both directly and through the closure p = g(s.,6,).
Once A (t) is available, the gradient of J with respect to the closure parameters

follows as 47 . o/
= A (TR At 51
de, 0 ®) 00, (51)
Because 6, enters the dynamics only through p = ¢(s.,8,), the term 0f,/00, must
be expanded as
dfo  0f, Jg
=G 99 52
20, Op 00, (52)
and therefore 47 . o7 9
& AT (s (1), p) 2L (s.(t),6,) dt.
;= b 205 (so(t). p(t)) a,,p(s (t).6,) (53)

Equivalently, using the Hamiltonian definition (48), the dependence on the closure
parameters can be made explicit through the chain rule

8HID _ aH[D 89 aHID _ )‘Té?fo (54)
00, dp 00, op °op’
The gradient of the identification cost can therefore be written as
d7 T, T afo To 8HID 89
= A = | 29 g, 55
de, 0 (®) 00, o Op 00, (55)

The discrete-time derivation follows exactly the same steps as in Section 2 and is
therefore omitted. Once the cost-function gradient is available, model identification and
digital twin updating can be carried out using the same optimization strategies discussed
in Section 2.

4.1 Tutorial 2: Identification of Wind Turbine Dynamics

[ Nonlinear Identification of Wind Turbine Dynamics

We consider a simplified problem in non-linear identification for a horizontal-axis
wind turbine. The turbine has rotor diameter D and radius R, and we assume for
simplicity it operates under uniform inflow with free-stream velocity v, (t) (see Figure
5, on the right). The rotor dynamics can be modeled by a single rotational degree of
freedom, with angular velocity w(t) governed by

(56)
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where J is the rotor inertia, T}, is the generator torque, and Tj, is the aerodynamic
torque produced by the rotor, which is a control action for the turbine.
The instantaneous aerodynamic power extracted from the flow can be written as

Put) = 5 p ACHE®) vh(0) = Tult) (), 67)

w

where p is the air density, A = 7R? is the swept area, and C, is the power coef-
ficient, a dimensionless quantity measuring the fraction of kinetic energy converted
into mechanical power. This is function of the tip—speed ratio, defined as® £ = wR/v,,.

In practice, the C, is not known exactly and depends on the blade geometry,
airfoil characteristics, and operating conditions such as the blade’s pitch angle, which
is another possible control action. We assume for simplicity that the blade pitch is kept
constant, hence C), is solely function of £. For a given turbine, C), is estimated using
low-order aerodynamic models such as Blade Element Momentum Theory (BEMT),
possibly combined with empirical corrections for tip losses and stall (see Hansen (2015)
for a concise introduction to wind turbine aerodynamics). More refined estimates may
be obtained using lifting-line methods or three dimensional RANS or LES calculations,
but these approaches remain computationally expensive and are not suitable for real-
time applications.

R 5 0.44
£ 0.3
-
2’ / X €02
5]
3 :
v (t) ‘ = 0.11 : —— Nominal Cp(g;gw))
’ | : True Cp(&;0%)
b 0.0 ~ , , ' |
\ 00 25 50 75 100 125 150
‘ Tip-speed ratio &

Figure 5: Schematic of the horizontal-axis wind turbine considered in this exercise (left) and
expected shape of the power coefficient C), as a function of the tip-speed ratio § (right). The curve
exhibits a single maximum corresponding to the optimal operating point.

Scope of the exercise. For the purpose of this exercise, we assume that the turbine
is well described by the following parametric form:

Cp(&;0,) = [01 (C; — 03) exp(—?)]+, 0, = [01,02,03704]T, (58)

where 6, € R* denotes the vector of coefficients identifying the turbine and [z], =
max(x,0) enforces non-negativity. This expression recovers the commonly used ana-
lytical shape for C), curves (single peak at moderate tip-speed ratio and decay for large
€), while remaining differentiable almost everywhere and inexpensive to evaluate.
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Based on prior simulations or design-stage aerodynamic estimates, our current
best model of the turbine uses the nominal coefficients

.
0© = (&, &, e, cff)) =[0.22,116,5,12.5]". (59)

However, we assume that the turbine is better described by a different (unknown)
parameter vector 8 = [0.2,112,5.9,13.5] . The discrepancy could be due to modeling
assumptions, unmodeled aerodynamic effects, or changes in rotor performance (e.g.
surface roughness, leading-edge erosion, or blade contamination).

The corresponding curves Cp(&;0(”) and C,(&;05) are illustrated in Figure 5,
on the right. Clearly, the turbine performs significantly worse than expected, and
the optimal operating point predicted by the nominal model does not coincide with
the true one. The objective is therefore to exploit time-resolved operational data to
correct the discrepancy between the model and the real system. Starting from the
initial parameter estimate 0;,0), we seek an updated parameter vector 8, such that the
closed-loop turbine model reproduces the observed dynamics.

In this exercise, we assume that measurements of the rotor angular velocity are
available, so that the observation operator reduces to the identity and the measured
signal is w, () in the notation of the previous section. The discrepancy between model
predictions and measurements is quantified by a cost functional of the form (47),
which in the present setting reads

minjmize J(6,) = E,, B /OTO (wo(t;6,) - w,(t))z’dt] , (60)

p

where the expectation is approximated by an empirical average over an ensemble of
sampled wind realizations.

Excitation scenarios and closed-loop stability. We consider a time-varying in-
coming wind speed, sampled from a stationary Gaussian process with a randomly
chosen mean value in the range pu,, € [4,10] m/s, superimposed fluctuations at two
distinct temporal scales, and an additive white-noise component. The wind covariance
structure is modeled by a Gaussian kernel of the form

t—+ 2 t—¢ 2
K(t, 1) = 0%, exp (—(2@1)> + 0}, exp(—(%%;) +o2(t—t), (61)
where 0(+) denotes the Dirac delta function.

Figure 6 shows, on the top panel, a sample of wind profile for an observation of
T, = 100s with dt = 0.005s, p, = 10.58m/s and settings [of1, 02, 0,] = [1,0.4,0.1]
m?/s?, and [r1,lr2] = [5,0.4]s. We assume that these wind conditions lie in the
so-called region II for the turbine, that is, below the rated wind speed, where variable-
speed operation is used to maximize power capture (Pao and Johnson, 2009).

The operating condition of the turbine is regulated by a classic Kw? torque con-
troller (see Pao and Johnson (2009); Bianchi et al. (2007); Pao et al. (2024)), in which
the generator torque is prescribed as T, = K w?.
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This control law is designed under the assumption of constant wind velocity v,
and aims to enforce steady operation at a prescribed tip—speed ratio &,. In particular,
the gain K is chosen such that w = 0 when & = &,, thereby balancing aerodynamic
and generator torques at the desired operating point and maintaining the turbine
near maximum power capture. Setting 7, = T, in (56), and recalling from (57) that
T, = P,/w, the generator torque required to balance the aerodynamic torque reads

1 X
T,= §pAR3% w? = Ku?, (62)

which leads to the closed-loop rotor dynamics

) AR (C,(& Cp (&
w:pzj ( zég)_ pg(i) )>w2.
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Figure 6: Example of a sampled episode of duration 7,, = 100s. The top panel shows a realization of
the incoming wind speed generated from the Gaussian-process model. The remaining panels report,
from top to bottom, the rotor angular velocity, the tip-speed ratio, the applied generator torque, and
the extracted electrical power, all obtained under the Kw? torque control law. When shown, solid
and dashed lines correspond to the true system and the digital-twin prediction, respectively.

Under the simplifying assumption of constant wind velocity, the induced tip—
speed-ratio dynamics £ = F'(§) admits a local linear stability analysis around £ = &,.
In this setting, stability requires

d (G(&)

g \ &
which defines a stability region in terms of the chosen operating point &,. The corre-
sponding stability thresholds for the nominal and true turbine models are reported in
Figure 5.

In practice, the strong wind-velocity variations considered here add forcing terms
to the tip—speed-ratio dynamics that are absent from the constant-wind analysis. The
stability condition above is therefore an optimistic guideline rather than a strict limit:
turbine run-down may occur even above the threshold predicted for constant wind.
A full stability analysis with time-varying wind, in terms of ¢ and explicitly including
TUw, 18 postponed to the control exercise.

For this tutorial, it is enough to note that the Kw? controller does not risk un-
controlled rotor acceleration. If generator torque temporarily exceeds aerodynamic
torque, the rotor decelerates and may run down, but over-speeding cannot occur. One
could add safety measures, such as disabling the torque controller to avoid shutdown,
but numerical tests under the wind conditions used here show they are unnecessary:
the closed-loop dynamics remain well behaved.
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Figure 7: Top: convergence plot during the identification. Bottom: initial and identified power
coefficient curves together with the ground truth and the distribution of sampled operating conditions
under the Kw? controller.

Although the Kw? controller does not keep the turbine exactly at the optimal
tip—speed ratio under strong wind variations, it yields dynamics that are sufficiently
rich and stable for the identification tasks considered. Moreover, wind-induced dis-
persion naturally broadens the range of explored operating conditions compared with
a tighter controller enforcing £ ~ &,. This point will be revisited in the next exercise
with more advanced control laws.

Offline identification and remarks on online extensions. In the present imple-
mentation, model identification is performed offline. A fixed dataset of 200 episodes
is first collected, after which the optimization problem (60) is solved to estimate the
model parameters. Extending this approach to online identification requires only mi-
nor modifications. Rather than collecting all data in advance, parameter updates can
be interleaved with data acquisition, for example by running a fixed number of ADAM
iterations after each new batch of episodes. From an algorithmic standpoint, the cost
function and gradient evaluations remain unchanged; the distinction between offline
and online identification primarily concerns the frequency of parameter updates and
the available computational budget.
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Figure 8: Same as Fig. 6, with the Kw? controller driven by the identified model.

Results Figure 7 shows, on the top, the cost function evolution as a function of the
number of iterations of the ADAM optimizer using a batch size of M = 50 episodes.
Despite the spikes, the cost function clearly shows a good convergence.

On the bottom, the figure shows the initial power coefficient curve and the final
one, together with the underlying truth. An histogram of all visited points is overlaid
to the plots, showing the distribution of visited operating conditions. Despite the large
variations of wind velocity, the Kw? controller keeps the turbine reasonably close to
the optimum while at the same time allowing for collecting some data in suboptimal
conditions. Almost no conditions with £ < 5.5 or £ > 10 are observed. Avoid low
values is a virtue, since these bring the higher risk of shut down, while higher values
could be more interesting but not explorable with the current policy. However, since
the range of explored conditions is sufficiently rich, the identification is successful
and mismatches in unexplored conditions do not represent a limit. Figure 8 shows
the same plots as in Figure 6 on a random episode, but this time with the identified
model: within the range of operating conditions explored during the training the
model matching is excellent and, accordingly, the controller performances.
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4.2 The Linear Setting in Model Identification

We learned in the previous exercise that the trajectories collected for model identification
must be sufficiently informative. The notion of “informativeness”—and, more generally,
of identifiability—can be made more precise in the linear setting, namely in the scenario
where the model dynamics are nonlinear in the state but linear in the unknown parameters
0,. Then the vector field can be written as

f(3(£):6,) = B(s:(1)) 6. (65)

where ®(s) € R™*" is a regressor matrix depending (possibly nonlinearly) on the state,
and 8, € R™ is the vector of unknown parameters. This structure is common in prac-
tice, for instance when modelling unknown source terms, parametric forcing, or linear-in-
parameter closure relations (see for instance Astrom and Wittenmark (1994)).

When (65) holds, the parameter derivative appearing in the adjoint-based gradient

(51) takes the simple form
f.
00, ~ (s (1)).

Consequently, the gradient of the identification cost function (51) becomes

a7 _
de, o

Xo(t) ®(s0(1)) dt. (66)

The adjoint equation remains unchanged and encodes how observation mismatches prop-
agate backward through the nonlinear state dynamics.

Consider for the moment the idealised case in which the state trajectory s.(t) (and
thus the regressor ®(s.(t))) is known and fixed over an episode t € [0,T,]. Using the
linear-in-parameter structure (65), we can write the data generating equation as

$o(t) = B(s.(1)) 6y, (67)

so that parameter identification reduces to fitting 6, to measured (or reconstructed)
quantities on the left-hand side. Denoting the measured time signal to be matched by
y(t) € R™ (for instance y(t) ~ $.(t), or a suitable projected /filtered version thereof), the
batch least-squares problem reads

To
min /
0, 0

The optimality condition d7/d6, = 0 yields the (normal) equations

(s (t)) 0, — y(t)Hz dt. (68)

</To (1) ®(t) dt) 0, = /OTo ®(t) y(t)dt, d(t) = (I)(so(t))_ (69)

0

G(T,) € R™*™

Whenever the Gramian matrix

G(T,) = /0 "B B (1) dt (70)

®The symbol £ is used instead of the more common A to avoid confusion with adjoint variables.

VKI -33-



is nonsingular, the least-squares estimate is uniquely defined as

0; = G(T,)"! ( /0 " BTy dt) . (71)

The invertibility (or conditioning) of G(7,) quantifies identifiability. If G(T,) is singu-
lar, then distinct parameter vectors produce indistinguishable effects along the observed
trajectory and the identification problem is ill-posed. Conversely, if G(T},) is uniformly
positive definite over time windows, i.e. there exist constants o > 0 and 7, > 0 such that

G(T,) = ol,

then the data are sufficiently informative to identify 8,. This condition is closely related
to the classical notion of persistent excitation (Astrom and Wittenmark, 1994): the trajec-
tory must excite enough independent directions of the regressor ®(t) for the parameters
to be observable.

In the fully coupled setting of this section, the state trajectory s.(¢) depends on 6,,
so the problem is not a linear regression. Nevertheless, the linear-in-parameter structure
implies that, for a fixed trajectory, the objective is quadratic in 8, with normal equations of
the form (69). The adjoint method developed earlier can then be interpreted as an efficient
way of computing the gradient of this (quadratic) misfit while consistently accounting for
how @, perturbs the trajectory through the dynamics.

4.3 On identification challenges in nonlinear settings

In the linear-in-parameter setting, least-squares problems are well understood and have
clear identifiability conditions. Nonlinear model identification, however, raises fundamen-
tal challenges that go beyond computational complexity and persist regardless of the
optimization algorithm.

First, convexity is lost. Because the state trajectory s.(t) depends nonlinearly on
the parameters through the dynamics, the cost functional [7(6,) is generally non-convex.
Multiple local minima may therefore occur, and gradient-based methods can converge to
solutions that depend strongly on the initialisation. This contrasts with the linear case,
where the objective is quadratic and has a unique global minimizer when the regressor
Gramian is nonsingular (Ljung, 1999; Séderstrom and Stoica, 1989).

Second, there is strong coupling between state and parameter errors. In nonlinear
systems, parameter errors change the state trajectory, which then affects observations and
the gradient used for updates. This feedback can yield poorly conditioned optimization
landscapes, especially under large model mismatch. The adjoint method is crucial to
maximize efficiency of the exploration but multiple restarts are usually necessary (Lions,
1971; Plessix, 2006).

Third, identifiability becomes trajectory-dependent. Unlike linear regression, where it
is determined by the rank of a fixed regressor matrix, nonlinear models may reveal certain
parameters only along specific trajectories or in particular regions of state space. If the
system remains near an equilibrium or on a low-dimensional manifold, some parameters
may be effectively unobservable. The notion of persistent excitation must therefore be
viewed dynamically, as a property of the realised trajectory rather than of the model
structure alone (Narendra and Annaswamy, 1989; Astréom and Wittenmark, 1994).
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Nonlinear dynamics are often highly sensitive to parameter perturbations: in systems
with transient instabilities, bifurcations, or chaos, small changes in 8, can cause large
deviations in the state trajectory. The adjoint variables then grow rapidly backward in
time, producing noisy or numerically unstable gradients for long observation windows,
as known in variational data assimilation and PDE-constrained optimization (Talagrand
and Courtier, 1987). Additional issues arise when the observation map h(-) is nonlinear
or low-dimensional. In many applications, only part of the state is observed and the
state—measurement relation is nonlinear, so different parameter values can be observa-
tionally indistinguishable, hindering identifiability and often necessitating regularisation
or prior information (Stengel, 1994; Law et al., 2015).

In addition, many parameters change slowly over time due to wear, aging, or envi-
ronmental shifts, making the identification problem nonstationary. Long-window batch
estimation may then be unsuitable, requiring a trade-off between tracking ability and
noise sensitivity. This motivates online or episodic approaches with finite windows, for-
getting factors, or temporal regularisation, connecting model identification to adaptive
control and data assimilation methods (Astr('jm and Wittenmark, 1994; Simon, 2006).

4.4 Identification vs Data Assimilation... and their combination

The identification problem formulated above focuses on estimating unknown parameters
0, of a dynamical model so as to improve its predictive capability. A closely related
problem arises when the parameters are assumed known and the objective is instead to
infer the state s, of the system from incomplete and noisy observations. This latter task
is commonly referred to as state estimation or data assimilation.

In its simplest variational form, the data assimilation problem can be posed as the
optimization problem

minimize /0 " ((so(t),t) dt,  subject to 8u(t) = fose(t)), (72)

so()

where the loss ¢ penalises mismatches between the predicted observations h(s.(t)) and the
measured data o04(t), as in (47). In contrast to model identification, the decision variable
here is the state trajectory (or, equivalently, the initial condition s,(0)), while the model
parameters are assumed fixed.

From this perspective, the difference between identification and assimilation lies mainly
in what is inferred: in state estimation (data assimilation), one seeks the state trajectory
that best explains the observations for a known model; in model identification, one seeks
parameters that make the model trajectory match the observations. Mathematically, the
two problems share the same structure: a parameterised dynamical system, an observation
operator, and a cost functional measuring data misfit. Thus, the same adjoint-based
machinery can compute gradients in both cases.

The separation between state and parameter estimation is partly artificial. Unknown
but constant (or slowly varying) parameters can be treated as additional state variables
with trivial dynamics, ép =0 (or ép ~ 0), yielding an augmented-state formulation. In
this view, model identification and data assimilation differ only in which components of
the augmented state are updated, and on what time scales.
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Two main families of data assimilation methods are commonly used (Asch et al.,
2016; Law et al., 2015; Bocquet and Farchi, 2014) and can be classified into sequential or
variational methods.

Sequential methods, such as the Kalman filter and its nonlinear extensions (extended
and ensemble Kalman filters), estimate the state locally in time by recursively combin-
ing the current model prediction with new observations (Simon, 2006). They are well
suited to online and real-time applications but rely on local linearization and prescribed
error statistics. Examples of these applications include the work of Ahizi et al. (2026),
who employs an augmented-state extended Kalman filter for the real-time identification
of heat transfer coefficients in sloshing tanks, while Schena et al. (2026) utilizes Kalman
fusion to combine reduced-order models for the full-field reconstruction of wind turbine
blade vibrations from sparse sensor data. Variational methods instead seek a state tra-
jectory (or initial condition) that minimizes a cost functional over a finite time window.
In this framework, adjoint equations appear as Lagrange multipliers enforcing the dy-
namics, leading to four-dimensional variational data assimilation (4D-Var) (Lions, 1971;
Talagrand and Courtier, 1987). The adjoint-based formulation in this lecture belongs to
this class. Unlike sequential filters, 4D-Var is global in time: it uses all observations in
the window at once to infer the initial state (and possibly parameters), after which the
model uniquely determines the evolution.

Modern digital-twin and forecasting systems often combine both approaches: sequen-
tial filters for rapid state updates, and variational or adjoint-based methods for parameter
estimation and long-term consistency. This illustrates the close link between learning,
identification, and assimilation, all viewed as optimization problems constrained by dy-
namical systems.

5 Modeling and Controlling at the same time

We now turn to the setting in which model identification and control are carried out
simultaneously. This situation arises naturally in many practical applications, where a
controller must act on a system whose dynamics are only partially known and may evolve
over time. In such cases, the model used for control must be continuously updated from
data, while the control actions themselves influence the data that become available for
learning. This is the essence of adaptive control (Narendra and Annaswamy, 1989; Astrom
and Wittenmark, 1994; Ioannou and Sun, 1996). The setting is depicted in Figure 9.
This setting combines all the elements in Figures 1 and 4. The real environment (1)
evolves according to unknown dynamics and generates measurements (3), while a digi-
tal twin (2) produces corresponding virtual measurements (4) based on a parameterised
model. The mismatch between real and virtual observations is evaluated by a cost func-
tion (5), which drives an optimization process (6) to update the model parameters through
a closure law (7), thereby improving the predictive accuracy of the digital twin. At the
same time, a control agent (8) interacts with the digital twin, where full state information
is available, and selects control actions according to a parameterised policy. The same
action is passed to the real environment which should thus be closely aligned with the
digital twin if the modeling is accurate. The resulting closed-loop behaviour is assessed by
a reward function (9), and the policy parameters are updated by an optimiser (10). Con-
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Figure 9: Schematic of model-based control with real-time model adaptation. The digital
twin is continuously calibrated from measurements of the real environment, while a control
policy is optimised using the adapted model. Control and identification are formulated as
coupled optimization problems acting on the policy parameters @, and model parameters
0, respectively.

trol and identification are therefore tightly coupled: the digital twin informs the control
strategy, while the control actions influence the trajectories and data used to update the
model. This joint loop enables model-based control with continuous, data-driven model
adaptation.

The coupling between optimizers can be interpreted in several equivalent ways. One
may view the combined problem as a single optimization problem over both the control
policy and the model parameters, constrained by the system dynamics. Alternatively,
one may consider a hierarchical or time-scale—separated structure, in which control is up-
dated at a fast rate based on the current model, while model parameters are updated
more slowly using accumulated data. In both cases, the adjoint-based sensitivity analy-
sis developed in the previous sections provides a unifying computational framework for
evaluating gradients efficiently.

An important consequence of this coupling is a dual-control effect: control actions
must both achieve immediate performance and generate informative data for model iden-
tification. Aggressive regulation can suppress informative dynamics and make parame-
ters unidentifiable, whereas exploratory actions improve the model over time but degrade
control performance. Balancing these objectives is a central challenge in adaptive and
learning-based control. A further difficulty, emphasised by Anderson (2008), is that iden-
tification and control cannot be combined naively without regard to robustness and safety.
In closed loop, a model is validated only under the current controller and operating con-
ditions; a model accurate for one controller may become poor once the controller changes.
Aggressive controller updates based on such a model may destabilise the true system,
even if the model-based design appears sound. This calls for cautious controller adapta-
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tion, time-scale separation between learning and control, and mechanisms that prevent
temporarily destabilising controllers. These considerations motivate safe adaptive control,
in which stability is enforced throughout learning rather than only asymptotically.

In practice, many modern approaches address this challenge by alternating or in-
terleaving control and identification steps, by augmenting the control objective with
information-based terms, or by explicitly accounting for model uncertainty in the con-
trol design. These ideas connect classical adaptive control, reinforcement learning, and
digital-twin methodologies, and will reappear in different forms throughout the remainder
of the course.

5.1 Tutorial 3: Adaptive Control via Online Identification

[ Adaptive TSR control of a wind turbine via online identification

In this tutorial, we couple model identification and control design in a closed-loop
setting. Starting from the parametric aerodynamic model introduced in Tutorial 2
(Section 4.1), we use closed-loop data to update the model parameters online, and at
each stage redesign a model-based controller for power maximization. The objective
is to illustrate how identification and control interact when both are embedded within
the same feedback loop: improved model parameters lead to a better equilibrium
operating point and controller tuning, while the controller shapes the data available
for identification.

We consider the same wind turbine rotor dynamics as in Tutorial 2, described by
(56), with the closure law for the power coefficient given by (58). However, instead
of the Kw? strategy (Equation (62)) used previously, we now adopt a tip-speed-ratio
(TSR) reference-tracking approach. The goal is to regulate the rotor near the optimal
TSR &,, which maximizes the power coefficient and typically provides improved tran-
sient behaviour (Stockhouse et al., 2024). In this type of control law, the reference is
typically defined as
Ex Du

R )
where v,, denotes an estimated wind speed, usually provided by an observer, since
direct wind-speed measurements are often difficult to obtain in practical applications
(Abbas et al., 2022).

In this tutorial, however, we assume that the wind speed v, () is measurable at
each time step and corresponds to the true (noise-free) value, so that the tip-speed
ratio £(t) can be computed directly. Under this assumption, it is convenient to express
the controller directly in terms of TSR, rather than through an angular-speed reference
wret- The resulting control law reads

(73)

Wref =

T, = Ta(vw) - K (6 - &), (74)

i.e., a TSR state-feedback term augmented with a wind-dependent feed-forward com-
ponent Tg. Crucially, the feed-forward torque T, the optimal TSR &, and the gain K
are model based and therefore depend on the current model parameter estimate 6,.
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The role of T is to provide the equilibrium generator torque required to operate at
the optimal TSR for the current wind speed, so that the feedback term only needs to
regulate deviations of £(¢) around &,. Starting from the aerodynamic power relation
(57) and using £(t) = Rw(t)/v,(t), the aerodynamic torque can be expressed as

P(t) 1 Cy£(1);8,)

T.(t) = —F= =-pAR————v, (1). 75

Imposing operation at the model-optimal TSR &,(6,), we define the feed-forward
torque as the model-based aerodynamic torque evaluated at this operating condition:

. N Cp(é*@p)? 017) 2

Tff(vw(t), 0p> =3 pAR £.(6,) v (t). (76)

This term compensates the dominant wind-dependent component of the torque at

the desired operating point; consequently, the feedback gain K primarily shapes the
transient response and robustness around &,.

In classical regulation problems, steady-state offsets induced by modelling errors
are often mitigated by adding integral action. Here, however, we deliberately avoid
an integral term: besides practical issues such as integrator windup under saturation
and the associated tuning effort, integral action does not address the main limitation
of this setting. Accurate operation near the maximum-C), condition fundamentally
relies on a sufficiently accurate model to compute both the equilibrium torque (76)

and the optimal TSR &,(6,,).

Controller tuning. The feedback gain K(6,) is designed via an LQR synthesis
based on a local linear approximation of the nonlinear rotor dynamics around the
optimal operating point &(6,). Although the plant model is naturally written in
terms of the angular speed w, we perform the linearization in tip-speed ratio (TSR)
coordinates and the resulting regulation problem becomes a local setpoint-tracking
problem about the constant reference &,.

The TSR dynamics follows by differentiating the definition £(¢) = Rw(t) /vy, (t):

R
Uy (2)

For controller synthesis, we assume a constant nominal wind speed v, (hence v}, = 0),
so that the TSR dynamics reduces to

£(t) =

U (t). (77)

£(t) = L w(t). (78)

*
UUJ

Combining this approximation with the rotor dynamics (56) yields a TSR-based model
that can be linearised about the equilibrium (&, 15 v}). In particular, the equilib-
rium generator torque is provided by the feed-forward term,

Ty = Ta(v};6,). (79)
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which corresponds to operation at &.(6,). A first-order continuous-time linearization
then yields .
0&(t) = A0E(t) + B oT,(t), (80)

where 6§(t) = &(t) — &.(0,) and 0Ty(t) = T,(t) — T denote deviations from the
operating point.

In the actual implementation, the LQR gain is computed from a discrete-time
linear model. Rather than discretising a continuous-time linearization, we linearise
directly the one-step update induced by the chosen numerical integrator with sampling
time At. Specifically, we write the closed-form one-step map in TSR coordinates as

€k+1 (51@7 g,ks Vw kve )7 (81)

and compute the corresponding Jacobians at the operating point using JAX automatic

differentiation:

OF

4, OF OF

By= ——
¢ aTg*

: (82)

where (-)[, denotes evaluation at (£,(60,), T, vy,). The resultant reduced linear model
reads

8441 = Aq0&x + By 6T, . (83)

Finally, the optimal gain K is obtained from the standard LQR solution via the
discrete-time algebraic Riccati equation (DARE) for the infinite-horizon quadratic
cost, by using the reward—maximization convention of Section 2, which is equivalent
to minimising the cost

J=-R, Z( (6 — £ + R (T = T)?), (84)

where () > 0 penalises TSR-tracking errors and R > 0 penalises control effort. In this

tutorial, we choose
1

2Ty
i.e., we scale the weights by the squared nominal magnitudes of the state and input.

With this choice, the state-regulation term is weighted approximately twice as much
as the control-effort term in the normalised (dimensionless) cost.

Q=1 (5)

*

Scope of the exercise. The goal of this tutorial is to couple identification and
control. Starting from the identification procedure derived in Tutorial 2, we use
closed-loop data to update the parameter vector 6,. The updated model is then
used to redesign the model-based power-maximizing control law (74). In this setting,
identification and control form a feedback loop: improved parameters yield a more
accurate equilibrium /feed-forward torque and TSR setpoint, while the controller keeps
the system near the operating region of interest and provides persistently informative
data for identification. Iterating this process progressively improves model fidelity
and closed-loop performance around the target operating point.
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Implementation and Case Study The numerical implementation follows a win-
dowed closed-loop procedure. In contrast to Tutorial 2, we consider a single continuous
simulation time series, mimicking real-time operation. The total simulation time is
set to Ty, = 300s and is divided into 10 consecutive windows of duration 7,, = 30s
each, with sampling time At = 0.05s. Each window defines an episode.

We first generate the full wind-speed time series over [0, Ty, using (61), with
At = 0.05s, mean wind speed p,, = 8.4m/s, and hyperparameters [0, 09, 0,] =
[1, 0.4, 0.1)m?/s? and [¢r 1, l12] = [5, 0.4] s (same conditions as in Tutorial 2).

We start from a nominal initial estimate of the power-coefficient model parameters,

6 = (¢, &, 2, )" = [0.22, 116, 9, 12.5]T, (86)

p

which differs slightly from the initial estimate reported in (59), in order to deliberately
exaggerate the initial modelling error and thus shift the predicted optimum §*(0(0))
away from its true value.

15{ === Dascline \'V’W
adaptive e W
- Ayt .
' !/'\rw”\/\W/\/ G
’ 1

N A\ [
! ~ ."‘l'\\l d g

w [rad/s|

g
o

oo
"

wR/vy [H]

i:

x10°

Iy
o

Ty [N-m]
e
<

0 50 100 150 200 250 300
t [s]

VKI -41 -




Figure 10: Closed-loop comparison between the adaptive identify—control loop (blue) and a fixed

baseline controller fixed with the nominal model parameters 015,0) (orange) over the full simulation
horizon. From top to bottom: wind speed v, (t), rotor speed w(t), tip-speed ratio £(t) = w(t) R /vy (t)
(with the reference &, ), commanded generator torque Ty (t), and generated power P(t). Vertical lines
indicate the identification windows. The adaptive strategy progressively regulates £(¢) closer to &,
and yields higher power extraction than the baseline controller.

At the beginning of each window w, the controller is synthesized using the current
model parameters 01(;“”). First, the optimal TSR 5*(0](3“’)) is computed by maximizing
the current C,(&; 0]()“’)). Then, the LQR gain K (01()“’)) is obtained by linearizing the
one-step discrete update (RK4) around a nominal operating point associated with
vy = 8.4m/s, and by solving the discrete Riccati equation with weights (@, R). The
resulting controller is applied in closed loop to the plant model over the full window,
using the measured wind speed v,,(t) to compute the feedforward term in (74).

At the end of each window, the model parameters are updated by minimising a
simulation-error cost over the trajectory collected during that episode, thereby making
the identification procedure online. We use the same objective introduced in (60), but
restricted to a single window:

1 f(w+l)Ty 2
minjmize 7(6,) = [ (wsim(t; 6,) — wmeas(t)) dt. (87)
6, 2 w Ty
The optimization is performed with ADAM for 300 iterations for each window. To im-
prove numerical conditioning, we introduce scaled (dimensionless) optimization vari-
ables x such that
0 = 0, + diag(s) z, (88)

where 0, is a reference parameter vector and s is a user-defined vector of characteris-
tic parameter scales. In the Adam iterations, we also apply the same diagonal scaling
as a per-parameter step preconditioner, in order to balance update magnitudes across
parameters with different physical units.
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Figure 11: Power-coefficient curves and closed-loop operating region. Top: parametric C,(&;0,)
computed using the nominal (initial), true, and final identified parameter vectors; markers indicate
the corresponding maxima &,. The shaded vertical band encodes the empirical distribution of the tip-
speed ratio visited in closed loop (darker bands correspond to higher probability density). Bottom:
probability density function of the measured £(t) = w(t)R/vy(t) over the full time series, showing
that the controller operates predominantly near &, after adaptation.

Results Figure 10 summarises the closed-loop simulation over the full horizon
Tsim = 300s for both the baseline controller (orange, fixed nominal model) and the
adaptive controller (blue, model updated at the end of each window). The simulation
is partitioned into consecutive identification/control windows, whose boundaries are
indicated by the vertical grey lines.

Both controllers are driven by the same wind realisation v,,(t) (top panel). During
the first window, the baseline and adaptive responses coincide, since the adaptive
controller is initialised with the same nominal parameter vector 025,0) and therefore
uses the same model-based feed-forward term and the same feedback gain. From
the second window onward, the trajectories diverge: the adaptive controller is re-
synthesised using the updated parameter estimate, whereas the baseline controller
keeps the initial (incorrect) model.

This effect is most clearly visible in the TSR panel, where the true optimal TSR
£.(05) is indicated by the red dashed line. While the baseline controller regulates
around an incorrect TSR level (consistent with the wrong initial model), the adaptive
controller progressively shifts the operating TSR as the model improves. In the first
few windows, the adaptive TSR is still biased because &(6,) is computed from a
parameter estimate that has not converged yet; however, as identification proceeds,
the adaptive TSR approaches the true optimum. In this test case, good agreement
with &,(65) is achieved after roughly five windows, after which the adaptive controller
remains close to the true optimal TSR for the remainder of the simulation. This
improved TSR regulation translates into higher power extraction than the baseline
controller under the same wind forcing.

Figure 11 provides a complementary view in terms of the power coefficient map
and the induced TSR statistics. The top panel compares: (i) the nominal C,(¢; 01()0))
curve used by the baseline controller, (ii) the true C,(§;@5) curve, and (iii) the final
Cp(&: OIgNw)) obtained after the last window. The nominal curve peaks at a TSR that
is noticeably shifted with respect to the true optimum, whereas the final identified
curve closely matches the true curve around its maximum, implying that the identified
model recovers both the location of the optimum and the local curvature relevant for
feedback design close to the operating point &,.

The same figure also reports the distribution of the TSR achieved by the adaptive
controller (bottom panel). The probability mass concentrates around the true optimal
TSR, confirming the behaviour observed in Figure 10: after a few windows, the closed-
loop operation spends most of the time in the vicinity of the maximum-C), region. The
residual probability away from the optimum is primarily associated with the initial
window, in which the controller is still based on the nominal (mismatched) parameter
set; accordingly, the TSR during the first episode is biased and contributes a lower-
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probability tail in the distribution.

Comparing with Figure 7 from Tutorial 2, where a less aggressive control law was
used, we observe that the standard deviation of the TSR distribution is markedly
smaller in the present tutorial. This is consistent with the more aggressive feedback
action, which keeps the operating TSR closer to the desired value, except for the
initial deviations caused by the deliberately mismatched nominal parameters (as dis-
cussed above). At the same time, these results highlight an important limitation of
closed-loop identification: the identification—control loop is most effective locally, i.e.,
in the vicinity of the operating point that the controller regulates. In comparison
with Figure 7, the final identified C},(§) curve matches the true curve very well near
the optimal TSR, but it does not necessarily remain accurate across the entire TSR
range. As the controller becomes progressively better at regulation, the closed-loop
trajectories concentrate around &, which reduces excitation and therefore the amount
of informative data away from the operating point. Consequently, the identified model
tends to be accurate near &, but may degrade at low and high TSR values that are
seldom visited during closed-loop operation.

6 The Model-Free Control Problem

Model-free control rests on a simple observation: in many practical settings, no reliable
mathematical model of the system is available, or existing models are too expensive to
support real-time decision making or repeated policy optimization. This situation is
common in industrial contexts where systems can be queried and measured in real time
and candidate control laws can be tested online, while the underlying physics—particularly
in fluid mechanics—are so complex that high-fidelity simulations are far more costly than
direct interaction with the real system.

One may therefore think in terms of a simulation-to-interaction ratio: when simulating
the system is significantly slower than running experiments or collecting data online, it
becomes natural to bypass modelling altogether and instead rely on direct interaction.
Control policies are then improved by “trying things out,” observing the outcome, and
iteratively updating the policy based solely on measured performance. This philosophy
underlies model-free control and reinforcement learning approaches (Brunton and Noack,
2015; Duriez et al., 2017; Pino et al., 2023).

Of course, such exploration cannot be carried out blindly. In realistic settings, ex-
perimentation must remain safe: physical constraints, operational limits, and the risk
of irreversible damage severely restrict which actions can be tested on the real system.
Abandoning an explicit dynamical model also removes much of the analytical structure
of model-based control, including stability guarantees and optimality conditions. Model-
free methods therefore trade analytical transparency for practical flexibility, relying on
constrained experimentation, performance evaluation, and iterative improvement. The
setting investigated in this section is described in Figure 12.

The real environment (1) is treated as an opaque system whose internal dynamics are
unknown. Measurements (2) are collected and used to evaluate performance through a
reward function (3). This reward drives an optimiser (4), which updates the parameters
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Figure 12: Real-time system identification setting. The physical environment evolves
according to unknown dynamics and is observed through real measurements. In parallel,
a digital twin with tunable parameters runs alongside the real system. A cost function
quantifies the mismatch between real and virtual measurements, and an optimizer updates
the closure-law parameters so as to continuously adapt the digital twin to the observed
system behavior.

of an agent or controller (5) interacting directly with the environment. No explicit model
of the system dynamics is constructed; the control law is synthesised purely through trial,
evaluation, and adaptation.

In this section, we adopt a discrete-time formulation similar to eq. (4). This choice
is purely pragmatic: in a model-free setting, neither control synthesis nor control deploy-
ment requires the numerical integration of the (unknown) system dynamics— learning and
decision making operate directly on observed sequences of measurements and actions.

We denote by se) ~ se(tx) the discrete-time state, generally not available, by 0,
the corresponding observation, and by ae.; ~ a.(t;) the applied control action. The
exogenous input collecting disturbances or operating conditions is denoted by z, ~ z ().
The closed-loop system is thus

Se.k+1 = Fo(so,ka 2k, ao,k);
Oo,k == ho(so,k)7

Gy = T Ou | 64),

)

(89)

Se,0 = Se,0-

Here, F, should not be interpreted as a dynamical model or state-transition map.
It merely represents a black-box data-generating mechanism associated with the inter-
action between the controller and the system, with no assumed structure, regularity, or
physical interpretation exploited in the control design. For the purposes of this section,
the mapping F, could equivalently be written directly in terms of observations, thereby
incorporating the observation operator h, and avoiding any explicit reference to the la-
tent state s, %, which is neither observed nor used by the controller. We retain the state
notation here only to facilitate later extensions of the framework, discussed in Lecture 13.

The policy parameters 8, are identified by maximizing a cumulative reward similar to
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(5), with the expectation taken over possible initial states and disturbances:

N—1
maximize Ra(6.) = Eq, oozy. 2()~p lz For(Se(64), a.,k(e.))]. (90)

¢ k=0

In the case of stochastic policies, the expectation is additionally taken over the dis-
tribution of actions induced by the policy. Furthermore, in many reinforcement learning
formulations a discount factor v € [0,1) is introduced in the summation of (90), replacing
Ter DY V*7e » s0 that future rewards are progressively downweighted. This is particularly
important in infinite-horizon settings to ensure convergence of the return and to encode
a preference for immediate rewards over distant ones. In the present lecture, however, we
consider a finite-horizon episodic problem with fixed N. Since the cumulative reward is
bounded by construction and no asymptotic behaviour is analyzed, the introduction of
discounting is not essential. We therefore set v = 1 and optimise the undiscounted return;
the extension to v < 1 follows directly from the same formulation.

Note that the policy parameters in (89) and (90) are denoted as 6, and not 6, .
as the policy need not be expressed explicitly as a parametric mapping from states (or
observations) to actions. Within this broad class of methods, a natural classification arises
based on whether the policy is learned directly or indirectly.

In direct (policy-based) methods, the control law is parametrized as a mapping of
observations ay = me(Sk | @e ) similarly to the model based control framework introduced
earlier. These approaches correspond to what is commonly referred to as policy-based
reinforcement learning, where learning acts directly on the policy parameters.

In indirect methods, also known as value-based methods, the policy is not parametrized.
Instead, one learns a surrogate function—typically a state-action value (or @) func-
tion—that estimates the expected return (90) associated with taking a given action in a
given state. The parameters 6, then denote the parameters for this surrogate function.
In indirect methods, the control law then emerges implicitly by selecting, at each deci-
sion step, the action that maximizes this learned value function. In this setting, learning
targets the evaluation of actions rather than the policy mapping itself®.

Both classes fall under the umbrella of reinforcement learning, and many algorithms
exist within each category. Modern approaches often combine the two viewpoints, as in
actor—critic methods. In these notes, we highlight one representative approach for each
class in the following sections.

The field of model-free reinforcement learning is vast and rapidly evolving, and the
material covered here represents only a small subset of the available literature. For further
reading, we refer to Rabault and Kuhnle (2023) for an accessible introduction, to Bertsekas
(2024); Khan et al. (2012); Lewis and Vrabie (2009); Recht (2019); Semeraro (2025)
for deeper perspectives on the connections between optimal control and reinforcement
learning, and to the classic textbooks (Sutton and Barto, 2018; Bertsekas, 2012).

9The lack of a direct policy and the need for an optimization to drive the action selection is reminiscent
of model predictive control (MPC), discussed the Lecture by Prof. Discetti. Value-based methods can
be interpreted as replacing this repeated online optimization with a learned surrogate of the long-term
return: the optimization is performed implicitly during training, and the resulting value (or Q) function
enables fast action selection at runtime via a simple maximization. In this sense, value-based model-free
control trades online optimization for offline (or incremental) learning, while retaining the ability to select
actions based on predicted future performance.
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6.1 Policy search via Bayesian Optimization

Policy search via Bayesian Optimization (BO) formulates control design as a data-efficient
black-box optimization problem, using a probabilistic surrogate to balance exploration and
exploitation (Miiller et al., 2021). The goal is here to find the parameters 6, , € R"" for
the parametric policy a; = me(s; | 6o ). In the following, since all the focus is placed on
model free optimization, we simplify the notation 8, . to 6.

BO is particularly effective when policy evaluations are expensive, because each new
trial is chosen to maximize a principled acquisition criterion—typically trading predicted
improvement against uncertainty reduction (Frazier, 2018; Candelieri, 2021). A key limi-
tation is scalability with dimension: BO tends to degrade when ng . is large, since surro-
gate fitting and acquisition optimization become difficult and the number of evaluations
required to explore the parameter space grows rapidly (a manifestation of the curse of di-
mensionality). Consequently, BO is most effective for low- to moderate-dimensional policy
parametrisations (up to ng, < 20), such as structured controllers or low-dimensional gain
vectors. In control applications, BO has been used for automatic tuning of feedback laws
and, more recently, in combination with digital twins to reduce reliance on real-system
evaluations (Richter et al., 2025; Nobar et al., 2024).

To guide the search, BO constructs a probabilistic surrogate model of the (unknown)
reward function Re(8,) : R™~ — R based on a dataset of past evaluations D,, =
{(0® R®)}r_ . This surrogate function is modelled as a Gaussian Process (GP, Ras-
mussen and Williams (2006)),

Ra(0a) ~ GP(m((64)). (8,1.6s2)).

with mean function m(-) and covariance function x(-,-). This means that for any finite
collection of inputs, the corresponding function values follow a multivariate Gaussian
distribution

T L

r=[f0W), - fOM)] ~Nm,K), K;=r6"09). (91)

Here N (m, K) denotes a multivariate normal distribution with mean vector m =
[m(8W), ..., m(8™)]" while the covariance matrix K € R™" evaluated on the training

data is defined by the kernel function x(-, ), with entries K;; = x(8®,0).

Given the prior GP model and the noisy observations D,, = {(8®"), R™)}"_  Bayesian
inference yields a posterior distribution over the latent function f conditioned on the data.
This conditioning step is the core of Gaussian Process regression.

Let @ = [0W) ... 8™] € R"*" denote the matrix of training inputs and r =
[RW, ..., RM™]T the corresponding observed rewards. Under the Gaussian noise model,
the joint distribution of the observed rewards and the latent function value at a new query
point 8, is the multivariate normal,

o] = (i) [ ) 2)

where the covariance blocks are defined as follows:

« K = k(0,08) € R"™" is the training covariance matriz, whose entries K;; =
k(0@ ,00)) encode pairwise correlations between reward evaluations at the train-
ing policy parameters.
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« K. = £(0,0,) € R™! is the cross-covariance vector between the training inputs
and the new query point 6., with entries (K,); = x(0%,8,).

o K.. = k(0.,0,) € R is the prior variance of the latent function evaluated at the
query point.

o 021 € R™"™ accounts for independent, identically distributed Gaussian observation
noise affecting the measured rewards.

Conditioning the joint Gaussian distribution on the observed data yields the posterior
predictive distribution at the query point 0,

£(6.) | Do~ N(11(6.), 02(6.)), (93)

with posterior mean and variance given by
1(0.) = m(0.) + K! (K +021) ' (r —m), (94)
0?(0.) = K.. - K! (K +o2I) K. (95)

These expressions follow directly from the conditioning properties of joint multivariate
Gaussian distributions; see Appendices A.2-A.3 of Rasmussen and Williams (2006) for a
detailed derivation.

The mean function of the prior is usually set to zero, so that the central role in the
Gaussian process modelling is the kernel function. This encodes prior assumptions on
smoothness and correlation of the unknown reward function over the policy-parameter
space, so that nearby parameter vectors are expected to yield similar rewards.

In these notes, we primarily employ the Matérn kernel, which offers a flexible trade-off
between smoothness and expressiveness and is widely used in Bayesian Optimization. The
Matérn kernel is defined as

KMatérn (07 0/)

21 (ovr\” 2v

o (B (). ook )
where O'ch is the signal variance, ¢ > 0 is a characteristic length-scale, v > 0 is a smoothness
parameter, I'(-) denotes the Gamma function, and K, (-) is the modified Bessel function
of the second kind!".

The parameter ¢ controls how rapidly correlations decay with distance in parameter
space, while O'J% sets the overall scale of reward variations. The smoothness parameter v
governs the regularity of sample functions drawn from the GP: smaller values of v allow
for rougher functions, whereas larger values recover smoother behaviour. Notably, as
v — 0o, the Matérn kernel converges to the squared-exponential (RBF) kernel, which
assumes infinitely differentiable functions. In practice, fixed values such as v € {3/2,5/2}
are commonly used to balance flexibility and numerical robustness.

The kernel hyperparameters, together with the observation noise variance o2, hyperpa-
rameters, which can be collected in a vector n = (0%, ¢,v,07). Although prior knowledge

10The Gamma function is defined as I'(v) = [;° t*~'e~' dt, while the modified Bessel function of the

second kind admits the integral representation K, (z) = £(%)” [;* t7" L exp(—t — 22 /(4t)) dt.
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of the problem ( and user experience!) can allow for a reasonable guess for these parame-
ters, these can also be easily inferred from data by maximising the log marginal likelihood
of the observed rewards under the GP model.

For a dataset D,, = {(0"), R™)}, the log-marginal likelihood reads

logp(r | ©,n) = —;’I“T (K + aiI) e ;log’K + aiI‘ — glog(%r)7 (97)
where K = k(0©, ©®) depends on the kernel hyperparameters and | - | denotes the deter-
minant of a matrix.

The first term measures data fit, penalising models that explain the observed rewards
poorly. The second term acts as a complexity penalty, discouraging overly flexible models
that would fit the data only by inflating uncertainty. The final term is a normalisa-
tion constant. Maximising the log marginal likelihood thus naturally balances fidelity to
the observed rewards against model complexity, providing an automatic and principled
mechanism for tuning the GP hyperparameters (Rasmussen and Williams, 2006). Once a
Gaussian Process surrogate has been fitted, Bayesian Optimization needs a rule to choose
the next sample in the policy-parameter space: this is the role of the acquisition function.
It assigns a scalar utility to each candidate @ from the current GP posterior, measuring
how informative or promising a new evaluation there would be.

The acquisition function balances exploitation, favouring regions with high predicted
reward, and exploration, favouring regions with high predictive uncertainty. Because it is
cheap to evaluate and typically differentiable, it can be maximized efficiently via numerical
optimization, even when the true reward is expensive to evaluate.

Among many proposed acquisition strategies, Expected Improvement (EI) is one of the
most widely used and also employed in the proposed exercises. For maximization, EI is
the expected increase in reward obtained by sampling at @ over the best reward observed
so far, rhest = max;<,, r;, under the current GP posterior.

Let p,(0) and 0,(0) denote the posterior mean and standard deviation of the GP at
0. The expected improvement is defined as

(1(0) = Thest) D(Z) + 0(0) (Z), 0 (8) > 0,

0, 0,(0) =0, 58)

EL, () = {

where
,un(0> — Thest — 5
Un<9) ,

and ®(-) and ¢(-) denote the cumulative distribution function and probability density

function of the standard normal distribution, respectively. The parameter £ > 0 explicitly

controls the exploration—exploitation trade-off, with larger values encouraging exploration.
To conclude, algorithm 2 illustrates the full Bayesian Optimization algorithm.

7 —

Practical numerical aspects and scalability. A practical limitation of Gaussian-
process-based Bayesian Optimization is its computational cost. At iteration n, assuming
that n samples have been collected (i.e. no initialization), evaluating the GP posterior
and the log marginal likelihood requires manipulating the covariance matrix K € R™*"
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Algorithm 2: Bayesian Optimization for Black-Box Policy Search

Input: Initial dataset D,,, = {(6;,7;)}2,, evaluation budget N > ng

Initialise n < nyg

while n < N do

3 Hyperparameter update: Fit the GP hyperparameters 7 by maximising

the marginal likelihood (equivalently, minimising the negative log marginal

likelihood), cf. (97)

4 Posterior update: Compute the GP posterior p(f(0) | D,,) using the

conditioning formulas (94)

5 Acquisition maximization: Select the next policy parameters by

maximising the acquisition function, for example the expected improvement,

0,1 = argmaxg EI,,(0), with EI, defined in (98)

6 Black-box evaluation: Roll out the policy with parameters 8,11 on the real
system and observe the reward 7,11 = Re(0p+1)

Dataset augmentation: D, 1 < D, U {(6,11,7+1)}

n<n-+1

[

9 return 0* = arg maxg,cp, 7;

which leads to a computational complexity O(n?) and a memory cost O(n?). This cost
rapidly becomes dominant as the number of policy evaluations increases and is one of the
main reasons why BO is typically restricted to a few tens or hundreds of samples.

In practice, explicit matrix inversion is never performed. Instead, numerical imple-
mentations rely on a Cholesky factorisation K+02I = LL", where L is a lower triangular
matrix. This factorisation allows both the evaluation of the log marginal likelihood and
the solution of linear systems of the form (K +02I)~!'7 in a numerically stable way, using
forward and backward substitutions. Moreover, the log-determinant term appearing in
the marginal likelihood is then obtained cheaply as

log’K + ai[‘ =2 znjlog L;.
i=1

Since Bayesian Optimization proceeds sequentially, one new data point is added at
each iteration. Rather than recomputing the Cholesky factorisation from scratch, it is
possible to exploit the block structure of the augmented covariance matrix (see Rasmussen
and Williams (2006) and Golub and Van Loan (2013))

K, k.
KTL+1 = |]CT k,**‘| )

where k, = £(0,,0,.1) and k.. = k(0,11,60,+1) + 02. The Cholesky factor can then be
updated using a rank-one (or block) update, reducing the cost of each iteration to O(n?).

More specifically, given the Cholesky factorisation of the current kernel matrix K,, =
L,L', with L, € R™" lower triangular, we seek a Cholesky factorisation of the augmented
matrix K, 1 of the form

(99)

(100)
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such that K41 = L, L),
The vector v € R" is obtained by solving the triangular system

L,v=k,, (101)

which requires O(n?) operations. The scalar « is then given by o = v/k,. — v v, which
is guaranteed to be real and positive provided that the augmented kernel matrix remains
positive definite. This incremental update avoids recomputing the Cholesky factorisation
from scratch and reduces the computational cost of incorporating a new data point from
O(n?) to O(n?) per iteration. Although the overall complexity of Gaussian Process regres-
sion remains cubic in the number of samples, such updates significantly reduce constant
factors and are essential for efficient Bayesian Optimization implementations (Rasmussen

and Williams, 2006; Golub and Van Loan, 2013).

6.2 Bellman’s principle of optimality and the Q function

We now seek to learn functions that evaluate the long-term consequences of states and
actions. In contrast to policy-search approaches, the policy itself is not optimised directly.
Instead, we approximate value functions that characterise the expected cumulative reward
introduced in (90), but conditioned on the state or on the state-action pair.

As in the previous sections, we consider finite-horizon episodes of length N. The
environment is stochastic through the initial condition s,y ~ Z;, and the exogenous in-
puts z(-) ~ P,, while actions are selected deterministically. All expectations below are
therefore taken with respect to the same sources of randomness as in (90).

Because the horizon is finite, the value of a state depends on the time at which it is
visited. We therefore introduce a time-indexed value function V; : § — R, defined as the
maximum expected cumulative reward achievable from interaction & onward,

Vi(s) == sup E [Ni:l’y”r.,w(S.,t, ) | Soi = 8] , (102)
{acy D Le=k
where the state evolves according to
Sett1 = Fo(Set, 21, Q). (103)
By convention, the terminal value satisfies
Vn(s) =0, (104)

since no rewards remain beyond interaction N — 1.

Thus, Vi (s) represents the optimal expected return conditioned on being in state s at
interaction k, with N — k interactions remaining.

It is often useful to further condition the expected return on the first action taken at
interaction k. This leads to the state—action value function (or Q-function) Q : S x A —
R, defined as

Sek =S5, Qe =0 . (105)

N-1
Qr(s,a) := sup ]Elz ’yt_kr.,ﬂ(sw,a.,t)

N-1
{at}t:k+1 t=k

VKI -51-



By construction, the two functions are related by

Vi(s) = sup Qx(s, a), (106)
acA
which states that the value of a state at interaction k is obtained by selecting the best
available action at that time.

Intuitively, V(s) measures how favourable it is to be in state s at interaction k in terms
of achievable future performance over the remaining horizon, while Qy (s, a) measures the
quality of applying a specific control action @ when in state s at interaction k. This
decomposition is the foundation of Bellman’s principle of optimality and underlies value-
based reinforcement learning methods such as Q-learning, which aim to approximate these
functions from data.

Learning the optimal state—action value function Qg(s,a) is an ambitious objective
and a major conceptual shift from policy-based methods. The function @)y assigns to
each state—action pair the expected long-term return under optimal behaviour over the
remaining horizon. If it were known exactly, optimal control at interaction k£ would follow
the greedy rule

W;(S) = alrg mea/}\{ Qk(sa a’>7 (107)

since all planning and long-term reasoning would already be encoded in ()}. In words, the
goal is not to teach the agent how to act, but rather to teach it the value of its actions.

The optimization in (107) is computationally inexpensive, and the resulting policy re-
quires no explicit parametrisation: it may generate feedback laws that would be extremely
difficult to parameterise, interpret, or even conceive a priori. This is one of the central
merits of reinforcement learning. By learning the value of actions rather than prescribing
behaviour directly, agents can, in principle, discover strategies that were never explic-
itly encoded by a human designer. This mechanism is what allowed deep reinforcement
learning agents to “surpass the teacher” and reach superhuman performance in a variety
of challenging settings: Atari 2600 games learned directly from raw pixels (Mnih et al.,
2015), large-scale partially observable environments such as AlphaStar in StarCraft II
(Vinyals et al., 2019), and the OpenAl Five system in Dota 2 (Berner et al., 2019).

From a broader (and somewhat romantic) perspective, the pursuit of a robust approx-
imation of the Q-function can be seen as a pathway toward discovering decision strategies
that transcend human intuition, not by mimicking expertise, but by systematically eval-
uating the long-term consequences of actions. We will see a leaner surpassing the teacher
in the following tutorial.

The indirect action-selection mechanism closely resembles the philosophy of Model
Predictive Control (MPC, Bertsekas (2024)), where an optimization problem is solved
online at each time step to select the action that minimizes a predicted cost over a
finite horizon, given the current state. The key difference with Q learning is that the
optimization is performed over a learned value function rather than over a predictive
model of the system dynamics.

6.3 Learning the Value of Actions

The definitions of the value and state—action value functions imply a fundamental con-
sistency property, known as Bellman’s principle of optimality. In the stochastic setting
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considered throughout these notes, this principle states that an action is optimal if it
maximizes the immediate reward plus the expected optimal future return from the next
state. Applied to the state—action value function, Bellman’s principle yields the optimality
relation

sup Q(8k+1 ) CL)
acA

Q(Sk, ak) = T(Sk, ak) -+ ’)/E

sk,ak] N (108)

where the expectation is taken with respect to the conditional distribution of the next
state sgy1 induced by the stochastic environment sg.1 = Fo(S, 2k, ay).

Tabular Q-learning. In its simplest form, value-based reinforcement learning assumes
that both the state space S and the action space A are finite and of moderate size. In
this case, the state—action value function can be stored explicitly in a @Q-table,

Q(s,a) € R, for all (s,a) € S x A.

The Bellman optimality relation (108) then defines a fixed-point equation over this finite
set of entries. Since the transition distribution is unknown, the expectation in (108)
cannot be evaluated analytically. Instead, it is approximated using samples obtained
from interaction with the system. Given an observed transition (S, ag,”, Ski1), the
resulting sample-based update reads

Q(si,ar) < Q(s,ar) + oy |, + 7 max Q(Sk11,a) — Q(sk, ar)l, (109)

where oy, € (0,1] is a learning rate and 7y € [0, 1] a discount factor. The term in brackets is
the temporal-difference (TD) error, which measures the discrepancy between the current
estimate and the one-step Bellman target constructed from the observed sample. This
tabular update constitutes the classical Q-learning algorithm (Watkins and Dayan, 1992).

For completeness, Algorithm 3 summarises the tabular procedure. Action selection
during learning must balance exploitation of the current Q-function estimate with explo-
ration of alternative actions in order to gather informative data. A common choice is the
e-greedy policy, defined as the stochastic policy

- &, a € argmaXgeA Q(Sk7 d)u

me(a | sp) = £ (110)
———,  otherwise,
Al —1

where | A| denotes the number of admissible actions.

In words, the action that maximizes the current Q-value estimate is selected (ex-
ploitation) with probability 1 — e, while with probability ¢ an action is drawn uniformly
at random from the remaining admissible actions (exploration). The parameter ¢ € [0, 1]
therefore directly controls the exploration—exploitation trade-off and is typically decreased
over the course of training (Sutton and Barto, 2018).

While conceptually simple, the tabular formulation suffers from a fundamental limita-
tion: the number of Q-values grows proportionally to |S||.A|. For problems with contin-
uous states, continuous actions, or even moderately high-dimensional discretisations, this
quickly becomes computationally infeasible and statistically inefficient. In such settings,
storing a separate value for each state—action pair is no longer practical, and one must
resort to function approximation.
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Algorithm 3: Tabular Q-learning for finite state and action spaces

Input: Episode length N, learning rates {a4}, discount factor ~y

1 Initialise Q(s, a) arbitrarily for all (s,a) € § x A;

2 for each episode do

3 Observe initial state sq ~ Zy;

4 for k=0,...,N—1do

5 Select action ay, using an exploratory policy (e.g. e-greedy w.r.t. Q);
6 Apply ay, observe reward rp and next state sy 1;

7 Update

Q(8k; ar) < Q(sk, ag) + ay (Tk + 7y max Q(Sky1,a) — Q(8k, ak))

Parametric and deep Q-learning. A natural extension of tabular learning consists in
introducing a parametric approximation ()(s, a;#,), where 6, denotes a set of adjustable
parameters. Typical choices include linear function approximators, radial-basis-function
expansions, or neural networks. The tabular case is recovered as a special instance in
which each state—action pair has its own independent parameter. When the approxima-
tion is realised by a neural network with multiple hidden layers, the resulting approach
is commonly referred to as Deep @-learning. For consistency with the Bellman rela-
tion introduced previously, we retain here the discount factor v € [0, 1] explicitly in the
temporal-difference target.

With function approximation, the Bellman optimality condition (108) cannot be en-
forced exactly, since the expectation over next states is unknown. Instead, it is approx-
imated locally using observed transitions (Sutton and Barto, 2018). Given a transition
(Sk, @k, Tk, Sp+1) Observed from interaction with the system, this leads to the temporal-
difference error

0k(8g) =11 + VSHBQ(SHM a;0,) — Q(sx, ar; 0,), (111)
ac

which measures the violation of Bellman consistency for the current approximation of
the Q-function. Q-learning updates the parameters 8, so as to reduce this TD error
along observed trajectories, thereby driving the approximation toward a fixed point of
the Bellman optimality operator. In the tabular case, this recovers the update (109);
with function approximation, the update becomes a stochastic optimization problem over
0,. Algorithm 4 summarises the Q-learning procedure for the finite-horizon stochastic
setting considered here. Stochasticity may arise from process disturbances, partial ob-
servability, or measurement noise. In this stochastic setting, the expectation in (108)
is approximated by Monte Carlo sampling, using the observed transitions generated by
interaction with the environment. Q-learning can thus be interpreted as a sample-based
stochastic approximation of Bellman’s optimality equation. Exploration is commonly en-
forced either through an explicitly stochastic decision rule, such as an e-greedy policy, or
by perturbing the selected action with random noise.
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Algorithm 4: Q-learning with function approximation for finite-horizon stochas-
tic control
Input: Episode length N, discount factor «, learning rates {ay}, Q-function
approximator (s, a;8,)
1 Initialise parameters 6,;
2 for each episode do
3 Observe initial state sqg ~ Zo;
4
5

for k=0,...,N—1do
Select action ay, using an exploratory policy (e.g. e-greedy with respect to

Q);
6 Apply ay, observe reward r; and next state s, 1;
7 Compute TD error;

Or = T + Ysup Q(Sk41,@;04) — Q(Sk, ax; 6,)
acA
Update parameters

0, 0, + a0, Vo,Q(s1, ax; 0,)

Final Remarks We close this brief introduction to Q-learning by noting that these
algorithms are off-policy methods. The temporal-difference target relies on a greedy max-
imization over actions at the next state and therefore assumes optimal future behaviour,
independently of how actions are actually selected during learning. As a result, the Q-
function is driven toward the value associated with the optimal policy, even when data
are generated using exploratory or suboptimal actions (Sutton and Barto, 2018).

An alternative is provided by on-policy methods, which instead learn the value of the
policy that is actually executed. A prominent example is the SARSA algorithm, whose
name reflects the sequence of variables involved in the update (state-action-reward-state—
action). In SARSA, the temporal-difference target uses the value of the next action
selected by the current policy, rather than a greedy maximization, thereby explicitly ac-
counting for exploratory behaviour (Rummery and Niranjan, 1994; Sutton and Barto,
2018). This distinction becomes particularly relevant when function approximation is
employed, as on-policy methods often exhibit improved stability and more conservative
behaviour in practice. The following tutorial explores both off-policy and on-policy ap-
proaches on a simple control problem, and contrasts them with the policy-based method
introduced in Section 6.1.
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6.4 Tutorial 4: Pressure Control in Energy Storage Systems

Policy-search and Value-Based Control of a Thermal System

Problem Set. In this exercise we investigate a nonlinear control problem in which
the optimal policy may be either smooth or bang-bang, depending on the relative
weighting between performance and control effort. The purpose of the exercise is
to compare the performance of Bayesian optimization (policy search) and Q-learning
(value-based reinforcement learning) on the same control task.

We consider the discrete-time system

Spp1 = Sk + At (qk —c tanh(m)k)>,

At
Vg1 = Vg + — (ax — i),

(112)

where s, denotes the controlled state, a; the commanded control action, and v the
realised actuator position. The disturbance g > 0 represents an exogenous forcing
that drives the system upward, while the bounded nonlinear term ¢ tanh(kvy) acts as a
saturating sink. The second equation models first-order actuator dynamics with time
constant 7, accounting for the finite response time of the command implementation.

The control objective is to maintain the state within a prescribed safe band while
penalising excessive actuation. Because the disturbance is strictly non-negative, the
system naturally drifts away from the safe region unless corrective action is applied.
Depending on the relative penalty imposed on control effort, the optimal strategy may
consist of gradual corrections or of rapid switching between extreme actuator values.
In the latter case, the solution approaches a bang—bang policy.

Although introduced in abstract form, this system captures the essential structure
of a practical engineering problem: pressure regulation in a cryogenic storage tank
equipped with a thermal venting system (TVS). In such systems, heat ingress induces
boil-off and ullage pressurisation, while pressure control is achieved by activating a
secondary loop that extracts liquid, cools it through a heat exchanger, and reinjects
it into the tank. The reinjected subcooled liquid enhances condensation at the liquid—
vapour interface, thereby reducing ullage pressure without direct mass venting.

Within this abstraction, the disturbance g, represents the net pressurisation rate
due to heat ingress, the bounded sink term ¢ tanh(kvg) models the finite cooling and
condensation capacity of the TVS, and the actuator state vy reflects the finite valve
response and associated loop dynamics (Mer et al., 2016; Barsi and Kassemi, 2013b,a).
Advanced hybrid modelling and control strategies for such systems are currently being
investigated in the PhD project of F. Monteiro.

A baseline bang—bang policy As a first reference strategy, we consider a simple
bang-bang (on-off) control law. The commanded valve opening is restricted to two
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values, ay € {0, amax }, and is updated according to the current state:

Qmax; Sk > SON,
ar =10, S < SOFF, (113)

ai_1, otherwise,

with Sorr < SON-

The pair (sorr, Son) defines an internal control band strictly inside the safe region
[Smin, Smax)s €. Smin < SorrF < SoN < Smax, t0 account for actuator inertia and
nonlinear saturation. Because the realised actuator state v; tracks the command ay
with a finite time constant 7, corrective action is delayed. If the thresholds were set
at Smin and spay, this lag would routinely cause safety bounds violations. The internal
band thus serves as a predictive buffer for dynamical delay.

21 S == Smin =TT Smax === SON === SOFF
1.0F= ==y =71
M 1T
- a (command)
S 0.5 v (actual)
QF == amam
0.0 M M '
4
= 2 ¢ tanh(kv)
=
o
- q
2]
>
1 4
0 5 10 15 20 25 30

VKI - 57 -




Figure 13: Baseline bang—bang (on—off) control with hysteresis for the valve environ-
ment over N = 600 steps with At = 0.05 s. Plant parameters: sink scale ¢ = 4.0,
saturation slope k = 2.0, actuator time constant 7 = 0.3, and normalised command
ag € {0, Gmaz } With apme, = 1.0. The safe operating band is s € [Smin, Smaz] = [3,5.0]
and the on/off band is [sorr, Son] = [3.5,4.5]. Initial condition: sy = 4.5, vy = 0.0.
The exogenous disturbance ¢ is computed with seed = 1.0. This is treated as a
Ornstein—Uhlenbeck process with two scales, and the reader is referred to the python
codes for more details.

The hysteresis mechanism, which keeps the previous command when s, €
[sorr, son|, avoids rapid switching near the thresholds and reduces chattering.

Figure 13 shows a representative simulation of this policy: the trajectories of s, the
command ay, and realised actuator position vy, the effective removal term ¢ tanh(kvy),
and the external load g;. Despite actuator lag and saturation, the hysteresis controller
keeps the state within the safe region, with only brief overshoots during switching,
mainly due to the finite actuator response time.

In many applications the lower bound sy, is more critical. After switching off
(ar, = 0), vy decays slowly, so ¢ tanh(kvg) remains active and can keep driving the
state downward. This makes switch-off inertia more harmful than switch-on inertia,
and sppp may therefore need to be set more conservatively relative to sy,. Despite
its simplicity and robustness, the bang—bang policy in (113) has intrinsic limitations.
The switching thresholds sporr and spny must be selected a priori and remain fixed,
independently of the disturbance level and actuator dynamics. The controller there-
fore reacts only after the state crosses a prescribed boundary, rather than anticipating
its future evolution. In the presence of rapid increases in the external load ¢, par-
ticularly when actuator delays are significant, this reactive behaviour may lead to
degraded performance.

Moreover, the on—off nature of the policy induces repeated valve switching. Al-
though hysteresis mitigates chattering, frequent transitions between extreme com-
mands remain undesirable due to actuator wear and maintenance considerations. The
restriction to ax € {0, amax} limits the controller’s ability to modulate its response
smoothly and to balance performance against control effort in a nuanced manner.

A more refined strategy would allow continuous control actions ay € [0, Gpax], €n-
abling smoother regulation and potentially improved efficiency. If accurate dynamical
models were available, such a problem could be addressed using model-based optimal
control techniques such as Model Predictive Control (MPC). In the present exercise,
however, we deliberately assume that such models are unavailable and instead in-
vestigate whether learning-based approaches can recover effective control strategies
directly from interaction with the system.

Learning formulation and reward definition We study two complementary
learning-based control strategies. The first is the policy-based approach introduced in
6.1, where the control law is explicitly parameterised and its parameters are optimised
using Bayesian optimization (BO). The second is a value-based approach, where the
quality of state—action pairs is learned directly using tabular Q-learning as introduced
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in 6.2. For both strategies, the objective is to maximize a cumulative reward over a
finite interaction episode. Given an episode of length N, the return is defined as

N-1

R = Z r(Sk, Gk, g—1), (114)

k=0

where the instantaneous reward is defined as

7(Sk, Ak, Ak—1) = —ps <d(8k+1)>2 — Pa <%)2 — PAa (ak_ak_l>2 (115)

Sscale Gmax max

where
d(s) = max(Smin — $,0) + max(s — Smax, 0) (116)

measures violations of the prescribed safe operating range s € [Smin, Smax)-

The quantity Sscale = (Smax — Smin) defines a characteristic state scale used to
normalise band violations. In this tutorial we take o = 0.1, so that safety violations
are measured relative to 10% of the admissible band. Control magnitudes and varia-
tions are normalised with respect to ap.y, which renders the weights ps, p,, and paq
dimensionless and directly comparable in magnitude.

The first term penalises violations of the prescribed safety band. The function d(s)
is zero whenever s € [Smin, Smax] and grows linearly outside this interval; the quadratic
scaling therefore produces a progressively stronger penalty as the state moves further
away from the admissible region. Inside the safe band no state penalty is applied, so
the controller is free to trade actuation effort against proximity to the boundaries.

The second term penalises the magnitude of the control input and discourages
unnecessarily large actuation. This term promotes energy efficiency and prevents the
trivial strategy of permanently applying maximum control authority. The third term
penalises rapid variations of the command signal. By discouraging large differences
between successive control inputs, it mitigates aggressive switching behaviour and
implicitly accounts for actuator wear and mechanical stress. The weights ps, p., and
paq therefore determine the trade-off between safety enforcement, control effort, and
smoothness of operation. In this tutorial, we fix p = [ps, pa, paa) = [5.0, 0.5, 5.0]. Dif-
ferent choices of these parameters may lead to qualitatively different optimal policies,
ranging from smooth regulation to bang—bang behaviour.

Direct policy search (Bayesian optimization). We now consider the policy-
based approach introduced in Sec. 6.1, in which the control law is explicitly parame-
terised and its parameters @ are tuned using Bayesian optimization (BO).

We adopt a non-dimensional sigmoid policy augmented with a derivative term, so
that the same functional form can represent both smooth continuous actuation and
near bang—bang switching:

= amaxa(a [ —sret | g T D L ol = — (a17)

Sscale Sscale

where 6, = [o, s,.f, 0] are the tunable policy parameters.
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The quantity Ssae defines a characteristic state scale (in this tutorial taken as
Sscale = 0.1 (Smax — Smin)), ensuring that state deviations are measured relative to
the admissible band. The factor T, is a characteristic time scale (taken here as the
actuator time constant 7), which renders the derivative contribution dimensionless.
With this normalisation, both terms inside the brackets are non-dimensional and
directly comparable in magnitude.

The parameter o > 0 controls the sharpness of the sigmoid transition: small values
produce smooth, approximately linear behaviour near s,.r, whereas large values drive
the policy toward bang-bang switching. The reference level s,.; defines the centre of
the transition, and the coefficient 5 weights the anticipative (rate) contribution.

BO is used to solve

0; = arg max R(6,),

where the return R is estimated through episodic interaction with the environment.

—10%1

Return R

I
—
<,

— Ry

maxi< Ri

0 25 50 75 100 125 150 175 200
BO iteration
Figure 14: Bayesian optimization of the sigmoid policy parameters 0, = [«, S,cf, 3].
The search space was defined as a € [1,10], Syef € [Smin, Smax), and B € [0,1]. The
optimization was performed for 200 function evaluations (100 random initial points
followed by Gaussian-process-guided optimization using Expected Improvement). The

solid curve shows the episodic return Ry, while the dashed curve represents the best
return obtained up to iteration k.

Figure 14 reports the evolution of the episodic return during the Bayesian op-
timization process, with the caption reporting on the details of the search space.
Despite the stochastic disturbance affecting each episode, the best-so-far return im-
proves steadily and eventually stabilises, indicating that BO successfully identifies a
high-performing region of the parameter space. The variability of the individual re-
turns reflects the exploration phase of the algorithm as well as the inherent variability
of the environment.

The best performance reaches R = —18.63, with the best combination of parame-
ters identified to be 0% = [a, s,cf, 5] = [3.09,4.86,0.01]. The identified slope av = 3.09
corresponds to a moderately sharp transition, indicating that a smooth control law is
preferred over near bang—bang switching under the chosen weight configuration. The

VKI - 60 -




reference level s, s lies close to the upper safety bound, suggesting that the optimal
strategy maintains the state biased toward the upper part of the admissible band in
order to mitigate the more critical dynamics associated with downward excursions.
Finally, the very small value § = 0.01 indicates that the derivative term contributes
only marginally to performance, so that the optimal controller behaves almost as a
static nonlinear state feedback.

Finally, Figure 15 a representative closed-loop episode obtained with the optimised
sigmoid policy. In contrast to the baseline bang—bang controller, the actuation signal
is continuous and varies smoothly in time, with the actuator state v closely tracking
the command aj; and no rapid switching events. The state remains safely within
the admissible band and is maintained preferentially toward the upper part of the
interval, consistent with the identified reference level s,.; = 4.86. This bias reflects
the higher inertia associated with switching off the actuation, which may otherwise
induce undesired excursions toward the lower safety bound. The removal rate adapts
gradually to disturbance variations, so that regulation is achieved through smooth
modulation of actuation intensity rather than through discrete switching.
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Figure 15: Closed-loop response under the policy obtained via Bayesian optimization,
to be compared with the bang-bang baseline in Fig. 13. From top to bottom: state
evolution s with safety bounds, commanded and realised actuator positions (ag, v),
effective removal rate ¢ tanh(kvy), and disturbance . The optimised sigmoid policy
produces continuous actuation and maintains the state within the admissible band
while avoiding aggressive switching.

The parameterised policy (117) offers substantial flexibility: by tuning «, s,.r, and
B, it can approximate both smooth and near bang—bang behaviour, with or without
anticipative action. Bayesian optimization selected the best controller within this
prescribed functional class.

Can there be any better?” We now consider an alternative in which no policy
structure is imposed. With Q-learning, the agent learns the value of state—action
pairs directly and derives its policy implicitly from the value function, potentially
exploring behaviours beyond the confines of a predefined parametrisation. This is a
much more challenging optimization.

Value-based learning via tabular Q-learning. We here implement the tabular
learning introduced in Sec. 6.2. In this setting, the continuous observation (s, s;)
and control input ay are discretised into finite bins. Let n, and n; denote the number
of bins for s and 3, and n, the number of discrete actions. The resulting Q-table has
dimension

Q c Rnsxngxna’

so that each entry Q(is, ig, i) represents the estimated return obtained when selecting
action 1, in the corresponding state bin.

In this tutorial we first consider a coarse discretisation ng X ng; X n, = 10 x 10 x 11,
and later increase the resolution to 20 x 20 x 11.

This “cubic table” is updated according to the standard temporal-difference rule
(109), here repeated for convenience

Q(s,a) < Q(s,a) +ag |r+ 7 max Q(s',ad") —Q(s,a)l, (118)

where ag € (0, 1] is the learning rate and v € [0, 1] the discount factor.

The learning rate o dictates the weight of the temporal difference error relative to
existing knowledge. In the extreme case of ag = 1, the agent becomes "memoryless,"
discarding previous estimates to match the most recent target r + ymax, Q(s',a’).
This induces heavy oscillations as the @-function "chases" stochastic noise and out-
liers rather than averaging them into a stable expectation. Conversely, as ag — 0,
the agent becomes overly "stubborn'; while this eliminates oscillations and ensures a
smooth trajectory, it risks stalling the learning process on prior suboptimal beliefs and
failing to adapt to the environment’s dynamics. Finding the right ag is extremely
difficult. The reader is encouraged to repeat the training with different values.

A second crucial parameter is the exploration parameter € in the e-greedy strategy
in (110), according to which the agent takes the greedy action argmax, Q(s,a) with
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probability 1 — ¢ (exploitation) and a random action (exploration) with probability e.
This trade-off is particularly difficult because a high ¢ prevents the agent from refining
a high-performance policy by constantly injecting random noise into its behavior.
Conversely, an ¢ that is too low leads to premature convergence, where the agent
becomes trapped in a sub-optimal local maximum because it has not explored the
state-action space sufficiently to discover superior strategies.

As the reader will realize studying the provided codes, both o and € are adapted
dynamically during the learning process. The trade-off that these two parameters
identifies becomes more and more critical as the discretization of the action-space
cube becomes finer. Increasing the resolution from 10 x 10 x 11 to 20 x 20 x 21
increases the number of Q-values from 1100 to 8400. This means that each state—
action pair is visited far less frequently during training. Since Q-learning relies on
repeated updates of individual entries, the effective sample density per entry drops
dramatically.

After spending several hours with the provided codes, we report that direct Q
learning appeared feasible on the 10x10x 11 cube but impossible (or at least the writer
did not succeed!) in 20 x 20 x 21 cube. To explore the challenges and opportunities
offered by these methods, we here propose a four-phase approach, implemented in the
script in the file 4_main_ Q_LEARNING_PRO.py.

Phase 0: Imitation (warm start). To avoid learning from a blank table, the
agent first observes a bang—bang controller with hysteresis for a 2000 episodes. This
controller acts as a teacher, selecting all actions while the learner updates its Q-
table using the standard temporal-difference rule (118). This procedure serves as a
form of behavioural cloning in the value space, ensuring the agent begins autonomous
exploration with a competent baseline policy.

Phase 1: Autonomous “coarse” learning. After the imitation phase, the learner
acts autonomously under an e-greedy strategy with gently decaying exploration over
20000 episodes. Figure 16 shows the evolution of the episodic reward during this
stage. The horizontal lines indicate the average and best performance of the teacher.
The learner rapidly surpasses the teacher baseline, demonstrating that even a coarse
discretisation (10 x 10 x 11) can improve upon the heuristic bang—bang rule.

The corresponding policies are shown in ig. 17. Although the achieved returns are
higher, the learned policy is irregular and exhibits abrupt variations between neigh-
boring bins, with strong actuation next to weak actuation in the state space. This
“spiky” structure is a typical artifact of limited sampling in tabular reinforcement
learning: individual state—action pairs are updated unevenly, and no mechanism en-
forces spatial smoothness across neighboring bins.
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Phase 1: Student Surpassing the Teacher
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Figure 16: Phase 1 autonomous learning with coarse discretisation (10 x 10 x 11).
The blue curve shows the moving average (window 50) of the episodic return obtained
under e-greedy Q-learning over 20000 episodes. The horizontal dashed lines indicate
the average and best performance achieved by the bang—bang teacher during the
imitation phase.

Phase 2: “Growing up”. Before further refinement, the grid resolution is increased
to 20x 20 x 11. This progression follows a curriculum learning paradigm (Bengio et al.,
2009), in which the agent is gradually exposed to increasing task complexity. After
a teacher-guided warm start and a coarse autonomous phase, the refinement stage
introduces a higher-resolution state space while preserving the knowledge already
acquired (Narvekar et al., 2020).

The transition from 10 x 10 x 11 to 20 x 20 x 11 substantially increases the number
of Q-values and reduces the visitation frequency of individual state—action pairs. Bins
that were previously aggregated are now separated, and value estimates learned at the
coarse level may no longer be locally consistent. Without additional regularization,
this expansion can destabilize learning: updates become sparse, local inconsistencies
are amplified, and neighboring bins may oscillate between competing actions.
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Figure 17: Teacher policy (left) and Phase 1 learner policy (right) on the coarse
10 x 10 state grid. Each pixel shows the greedy action arg max, Q(s,a). While the
learner attains higher returns, the resulting policy is irregular, with abrupt changes
between neighbouring bins, reflecting limited sampling in the tabular setting.

To mitigate these effects, we perform value-function transfer from the coarse grid to
the refined grid using bi-linear interpolation combined with Gaussian smoothing (Tay-
lor and Stone, 2009). This regularization enforces spatial coherence across neighbor-
ing states, consistent with principles developed in kernel-based reinforcement learning
(Ormoneit and Sen, 2002).

The effect of value-function transfer is illustrated in Fig. 18. The left panel shows
the greedy policy obtained at the end of Phase 1 on the coarse grid. When the grid is
refined, these values are first smoothed and then interpolated onto the 20 x 20 state
space. The resulting policy, shown on the right, preserves the large-scale structure
of the coarse solution while removing isolated spikes and enforcing spatial coherence
across neighboring bins. This interpolated map serves as the initial condition for the
high-resolution refinement stage.

Phase 3: Coarse-to-fine curriculum refinement. This high-resolution training
stage is itself divided into three successive sub-phases: exploration, refinement, and
polishing. This additional structure is necessary because, after the grid expansion, the
agent faces a substantially larger state—action space and must progressively stabilize
its value estimates.
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Figure 18: Coarse-to-fine policy transfer. The Phase 1 greedy map (left) is smoothed
and interpolated to initialise the refined 20 x 20 grid (right). The procedure removes
local irregularities while retaining the global structure of the learned policy.

Exploration. In the first sub-phase, which covers the first 4000 episodes, a relatively
high exploration rate is maintained in order to populate the newly created bins of
the refined grid. Although the interpolated policy provides a structured initialization,
many state—action pairs have not yet been sufficiently visited. This stage allows
the agent to redistribute value information across the expanded table and to correct
inconsistencies introduced by interpolation.

Refinement. Once the coarse structure has been adapted to the fine grid, the ex-
ploration rate is gradually reduced and the learning rate is decayed. The objective
in this stage is to stabilise the dominant switching boundaries and smooth transi-
tions observed in the interpolated map, while still permitting moderate corrections.
The policy begins to exhibit coherent large-scale regions in state space rather than
fragmented patches. This phase begins at episode 4001 and ends at episode 16000.

Polishing. In the final sub-phase, covering the last 4000 episodes, exploration is sup-
pressed (¢ ~ 0) and a small learning rate is retained. Additionally, periodic Gaussian
smoothing is applied to the Q-table to dampen local oscillations between neighboring
bins. This stage acts as a regularization mechanism, consolidating spatial consistency
and producing a stable high-resolution policy.

The complete learning process, including Phase 1 and the high-resolution curricu-
lum of Phase 2, is shown in Fig. 16. The evolution shows the major impact of the
transition to the finer grid at 20000 episodes, reflecting the sudden expansion of the
state—action space and the loss of local consistency in the value estimates.
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Evolution of Agent Performance
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Figure 19: Reward evolution across all training stages: imitation baseline, coarse
autonomous learning, and high-resolution curriculum refinement. Vertical dashed
lines mark the grid transition and the successive exploration, refinement, and polishing
sub-phases.
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Figure 20: Policy before and after high-resolution curriculum training. The final map displays
coherent switching regions structured in the (s, $) plane, with actuation primarily triggered when
the state drifts toward unsafe regions and suppressed when the system naturally recovers.

The agent must effectively re-stabilize its understanding of the environment at a
higher resolution, and the subsequent exploration and refinement stages progressively
recover the performance previously achieved on the coarse grid. Only after this con-
solidation does the polishing phase fully exploit the increased resolution, ultimately
surpassing the performance of the coarse learner. This sequence conveys an impor-
tant message: increasing representational capacity alone does not guarantee improved
control. Without structured transfer and staged learning, higher resolution can desta-
bilize value estimation. However, when combined with curriculum design and spatial
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regularization, the additional resolution enables the discovery of more refined and
higher-performing policies.
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Figure 21: Closed-loop response under the policy obtained via Q learning, to be
compared with the bang-bang baseline in Fig. 13.

Figure 20 shows the control policies at the beginning of the final refinement phase
and at the end. The refined policy reveals a clear structure in the (s, s) plane. Ac-
tuation is primarily activated when the state is low and decreasing, indicating that
the agent has learned to anticipate downward drift toward the lower boundary. Con-
versely, little or no action is taken when the state is low but increasing, since the
system is naturally recovering. Similarly, limited actuation is observed when the state
is high but not drifting toward unsafe regions. The resulting policy encodes a geomet-
ric understanding of the system dynamics and exploits the derivative information to
avoid unnecessary intervention. The final policy does not merely define thresholds; it
encodes directional awareness in state space.

Finally, Figure 21 shows a representative closed-loop trajectory obtained with the
trained Q-learning agent, yielding a return of R = —20.2. Although this performance
does not match the continuous policy obtained via Bayesian optimization (Fig. 15),
it significantly improves upon the bang—bang baseline (Fig. 13). Remarkably, this
behavior is achieved with an action space consisting of only 11 discrete levels. The
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commanded signal is piece-wise constant, yet the actuator dynamics naturally smooth
the effective valve position. The agent leverages this slow response to approximate
quasi-continuous regulation using only a few low-amplitude action bins.

This reflects an efficient trade-off between safety and control effort: rather than
relying on large corrective actions, the agent performs small anticipative adjustments
guided by the state derivative. This illustrates how a coarse discrete action space,
when combined with value-based learning and system dynamics, can produce refined
and efficient closed-loop behavior.

7 Conclusion and Outlook

This chapter developed a unified view of control and learning as two faces of the same
idea: adaptation through feedback. In all settings considered here, performance is quanti-
fied through a cost or reward functional, and feedback—from measurements, model-data
mismatches, or realized rewards—is used to update either a control law, a model, or both.
The key difference between the methods is therefore not whether they “optimize”; but
what is assumed known, what is learned from data, and how information is propagated
through the closed-loop system.

We began with the fully model-based setting, where the dynamics are known and
control synthesis exploits analytical structure. In this regime, optimality conditions and
adjoint sensitivities provide an efficient route to policy improvement, and optimization
remains tightly tied to the governing equations. We then relaxed the modeling assump-
tions and moved to data-driven model updating. The system identification and digital
twinning examples highlighted a central practical point: modeling errors are unavoidable,
and identification is often performed in closed loop, under the very controller that relies on
the model. This coupling implies that the controller shapes the data available for learn-
ing, while the model accuracy directly constrains achievable performance. The windowed
identification—control procedure made this interaction explicit by letting model fidelity
and control performance evolve together. The second part of the lecture shifted to the
model-free viewpoint, where the goal is to improve closed-loop behavior without relying
on explicit model derivatives or structural assumptions on the dynamics. Through the
comparison between Bayesian optimization and tabular Q-learning on the same nonlinear
regulation problem, we illustrated two complementary learning paradigms. Policy search
restricts optimization to a predefined functional family and can be highly effective when
the parametrization is sufficiently expressive. Value-based reinforcement learning, by con-
trast, removes this structural constraint and attempts to estimate directly the long-term
value of state—action pairs.

The Q-learning example highlighted both the promise and the difficulty of this ap-
proach. Even with a coarse discretization, the agent was able to surpass the heuristic
bang—bang controller. However, increasing the resolution of the state space did not auto-
matically improve performance; it initially degraded it. Only through structured transfer,
smoothing, and staged curriculum learning did the higher-resolution representation trans-
late into improved control. This emphasizes a central message of the lecture: increasing
representational capacity without structure can destabilize learning, whereas carefully
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managed refinement can unlock superior policies.

Taken together, the examples presented in this lecture suggest that control and learn-
ing should not be viewed as competing paradigms, but as complementary strategies for
performance improvement. Model-based methods provide structure and efficiency when
reliable equations are available; learning-based methods provide flexibility when modeling
is incomplete. In practice, effective solutions for complex systems are likely to combine
physical insight with adaptive, data-driven mechanisms rather than rely exclusively on
either extreme. We return to this combination in Lecture 13.
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